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Abstract xiii

Branching and Circuits: Algorithmic Techniques for Efficient Query Evaluation
Abstract

Efficiently evaluating and accessing the answers of queries over databases is a central problem in data
management, particularly as data volumes continue to grow and queries become more complex. In the
relational database model, query evaluation is complicated by the presence of joins, which may induce
large intermediate results and lead to prohibitive computational costs. This thesis explores several aspects
of query evaluation and their respective computational complexity.
The first aspect we consider is that of worst-case optimal join algorithms. These algorithms aim to
return the answer set of a query over a database, while providing strong guarantees ensuring that the
evaluation runs in time proportional to the maximum possible output size. In this manuscript, we present
a join algorithm that can be shown to be worst-case optimal in a simple and modular way. One of
the advantages of our approach is the implicit data representation it induces. By improving on this
representation of the answers of a query, we are able to work on finer algorithmic problems.
The two main evaluation tasks we consider in this thesis are direct access and uniform sampling. For
uniform sampling, we show how the execution trace of our worst-case optimal join algorithm can be
leveraged to sample query answers according to a uniform distribution without enumerating the full
result set. For direct access, we exploit relational circuits to navigate the answer space efficiently and
retrieve answers at arbitrary positions in a fixed order, extending existing approaches to broader classes
of queries, including queries with negation.
In both cases, the aim of our algorithms is to build the answer set of queries incrementally. We also use
the structure of relational circuits to improve on the complexity of these methods.

Keywords: databases, algorithms, aggregation, compilation, join queries, conjunctive queries

Branchements et Circuits : techniques algorithmiques pour l’évaluation efficace de requêtes
Résumé

L’évaluation et l’accès efficaces aux réponses des requêtes sur les bases de données constituent un enjeu
majeur dans le cadre de la gestion des données. Cette problématique revêt une importance croissante avec
l’augmentation constante des volumes de données et la complexité croissante des requêtes plus complexes.
Dans le modèle des bases de données relationnelles, l’évaluation des requêtes s’avère complexe en raison
de la présence des jointures. Ces dernières peuvent engendrer des résultats intermédiaires de grande taille
et occasionner des frais de calcul substantiels. Dans le cadre de cette thèse, une exploration approfondie
de divers aspects inhérents à l’évaluation des requêtes et à leur complexité computationnelle respective
est entreprise.
L’analyse se concentre en premier lieu sur les algorithmes de jointure optimaux dans le pire des cas. Ces
algorithmes ont pour objectif de renvoyer l’ensemble des réponses à une requête sur une base de données,
tout en offrant des garanties solides quant au temps d’évaluation, qui doit rester proportionnel à la taille
maximale de la sortie. Dans le présent manuscrit, nous proposons une exposition d’un algorithme de
jointure simple, qui peut être démontré comme étant optimal dans le pire des cas, de manière simple et
modulaire.
Dans cette thèse, nous avons exploré deux tâches d’évaluation principales : l’accès direct et l’échantillonnage
uniforme. Dans le cadre de l’échantillonnage uniforme, nous montrons comment utiliser la trace d’exécution
de notre algorithme de jointure pour échantilloner uniformément, sans pour autant énumérer tous les
résultats. Afin d’assurer l’accès direct, nous avons exploité une structure de circuits relationnels. Cette
méthode permet une navigation efficace dans l’espace des réponses et la récupération des réponses à des
positions arbitraires pour un ordre fixé. Nous montrons également que notre méthode permet d’étendre
les résultats présents dans la littérature à des classes plus larges de requêtes, et notamment les requêtes
avec négation.
Dans les deux cas, l’objectif des algorithmes développés est de construire l’ensemble des réponses aux
requêtes de manière incrémentale. Les structures employées, à base de circuits et de branchements, nous
permettent de réduire la complexité des méthodes employées.

Mots clés : bases de données, algorithmes, agrégation, compilation, requêtes de jointure, requêtes
conjonctives

CRIStAL
Université de Lille - Campus scientifique – Bâtiment ESPRIT – Avenue Henri Poincaré – 59655
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Introduction

Storing and accessing information has been a central concern of human societies throughout
history. From the earliest clay tablets and paper scrolls to the meticulously archived documents
in modern libraries, methods of preserving information have continually evolved. In the second
half of the twentieth century, the introduction of digital storage capacities marked a turning
point in information systems. However, finding efficient ways to store and access data remained a
central problem.

Accessing the data is indeed just as important as storing it, since, if one has no way of
efficiently retrieving some specific information, then even the most efficient storage method will
have little to no practical use. In his seminal paper, Codd proposed a data model to organise
information: the relational database model [Cod70]. This model stores the data as relations (that
can be thought of as tables), each relation consisting in tuples (or rows in the table) and attributes
(or variables, the columns of the table). Codd’s work not only introduced this data structure, but
also a family of query languages to allow users to retrieve specific information from the tables.
These queries represent questions a user asks a database, where the answer is contained in its
stored information. In this model, multiple tables could also be linked by logical keys, such as
common variables, which opens up the possibility of querying information from multiple rows
connected across multiple tables. While conceptually simple, such combinations may quickly give
rise to large intermediate or final result sets, making efficient evaluation and access to a query’s
answers a central algorithmic challenge.

In fact, evaluating queries over relational databases is a fundamental and extensively studied
problem. As data volumes continue to grow and play an increasingly central role in modern
information systems, it becomes crucial to identify which queries support efficient evaluation and
access to their answers. To estimate the complexity of evaluating a query over a database, one
may use two different measures: combined complexity, where both the query and the database
are considered to be the input variables, and data complexity, where the query is considered to be
fixed.

In the relational model, the source of most of the complexity of query evaluation comes from
the joins, that is, the combinations of multiple relations. Indeed, although joins are syntactically
simple, they might induce a substantial computational overhead. Very early in the theoretical
study of relational databases, it was observed that evaluating general relational queries may
require computational resources that grow exponentially in the size of the input. This added
complexity is due to the nature of a join: if we join two relations each composed of N tuples,
then the join can have a size of N2 in the worst possible case, since each tuple from the first
relation could be linked to every tuple of the second. For k such relations, the size of the join
could be up to Nk and therefore, joining these relations might cause an exponential blowup in
the size of the answer set. In a seminal result, Chandra and Merlin showed that the problem of
evaluating queries is NP-complete with respect to combined complexity [CM77]. This hardness
result therefore rules out the existence of a single evaluation strategy that would be efficient
across the full spectrum of queries and databases. This observation led to new research directions
that aimed to find “special cases” of queries or databases that allowed for efficient processing.
These cases mostly rely on exploiting additional information, whether about the structure of the
query itself, the properties of the data, or the nature of the task to be performed. Over the years,
these research directions have given rise to a wide range of algorithmic techniques and evaluation
paradigms. As a result, query evaluation is better understood not as a single monolithic problem,
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2 Introduction

but as a collection of computational tasks and classes of queries, each admitting its own notions
of tractability.

More precisely, beyond the “classical” aspect of computing all of the answers to a query
over a given database, one may be interested in different, more specific tasks. Two of the tasks
closest to the original query evaluation problem might consist in merely finding out whether a
query has an answer or not, which is often called Boolean evaluation, or counting the number of
answers. However, more specific problems exist. The following problems generally aim to avoid
materialising the full answer set of a query over a database. For instance, in practical applications,
it is often useful to iterate over the answers of a query. To this end, one does not necessarily
need the full answer set to be computed at a given time, but can work with the answers being
generated one by one, without repetition, and with low delay between them. This problem is
often referred to as enumeration and consists of a (ideally short) preprocessing phase followed
by an efficient enumeration phase for the answers with limited delay. If we were to consider an
order over the answers of the query, it could also be interesting in practice to access an individual
answer based on its index in this order, without having to compute all of the other answers. This
specific problem is known as direct access and also generally consists of two phases, one that
preprocesses the data and the actual access phase. The problem of selecting an answer uniformly
at random from the answer set, without materialising the full answer set is also a task that has
been well studied. Although being closely related, these tasks exhibit different computational
behaviours and often require fundamentally different algorithmic techniques.

Crucially, the feasibility of these tasks depends both on the chosen evaluation problem and on
the type of queries or databases under consideration. Queries and databases are usually sorted into
classes, that group them according to their properties, whether on their structure or their contents.
While some classes remain intractable even for very weak tasks, others admit highly efficient
algorithms if they consist of elements with suitable restrictions. Identifying and characterising
such tractable fragments has therefore become a central theme in the theoretical study of query
evaluation. One of the first tractable cases was introduced by Yannakakis as the class of acyclic
queries [Yan81]. These queries support efficient evaluation, but are a very specific subset. While
this class is based on a structural property of the queries that compose it, subsequent work has
introduced broader classes defined through more refined structural parameters.

In this manuscript, we focus primarily on join queries and on conjunctive queries, which
form a core fragment of relational query languages and serve as a common abstraction for joins.
Our interest lies in understanding how the structural properties of such queries can be exploited
to design efficient algorithms for a range of different query answering tasks. We will discuss
the specific framework of “worst-case optimal joins”. Most join algorithms work by computing
intermediate joins and using those to iteratively build the answer set. In the worst-case optimal
join setting, the aim is to never have an intermediate join whose size is larger than the largest
possible answer set for the query over any database.

While worst-case optimal join algorithms provide a strong baseline for query evaluation,
materialising the full answer set is often neither necessary nor desirable once such guarantees
are achieved. Amongst the various query answering tasks discussed above, this manuscript is
primarily concerned with tasks that go beyond worst-case optimal evaluation by avoiding full
materialisation of query answers. We will mostly consider the problems of uniformly sampling
from and direct access to the answers of a query over a given database. A unifying theme
throughout the manuscript is that the feasibility of these tasks is based on exploiting structural
properties of the queries and databases, rather than on algorithmic optimisations. We will also
strive to present algorithms that are simple both in their conception and their complexity analysis,
but allow us to recover known results from the literature.

Formal definitions and basic notions related to relational databases and query evaluation are
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recalled in the preliminary chapters (see Chapters 1 and 2). In this introduction, we deliberately
focus on presenting the conceptual landscape and the main research directions addressed in this
manuscript, postponing technical details to the subsequent chapters. The remainder of this
introduction provides a more detailed overview of the main problems addressed in this work and
explains how they are organised across the different chapters of the manuscript.

Worst-Case Optimal Join Algorithms
As discussed above, the main source of complexity while evaluating relational queries lies in
the presence of joins, whose execution may introduce large intermediate or final result sets. In
implemented database management systems, traditional query evaluation strategies typically
decompose a query in order to build a query plan. This plan can be seen as a sequence of binary
joins, combining relations two at a time. While this approach is natural and widely used in
practice, it may lead to intermediate results that might become exponentially larger than the
final answer set, even when the query itself admits a relatively small output. This is notably the
case when the query contains cycles, that is, when multiple relations are joined together in a way
that creates circular dependencies between variables.

Worst-Case Optimal Join (or WCOJ for short) algorithms were introduced to address this
phenomenon by taking a global view of the query structure. Informally, an algorithm is worst-case
optimal if it can output the answers of a query in time bounded by the size of the largest possible
answer set of the query over any database. Using such algorithms therefore typically avoids
blowups in the size of intermediate joins. This is a rather recent research direction, with the first
algorithm being introduced by Ngo, Porat, Ré, and Rudra [Ngo+12].

Beyond their theoretical optimality guarantees, WCOJ algorithms provide a new framework
for understanding the role of the structural properties of queries during the join evaluation. The
most recent algorithms do not join relations pairwise, but use branching techniques over the
variables to determine which tuples constitute answers to the query. Their performance thus
critically depends on how the variables are shared across the relations and on the order in which
these variables are processed. As a result, WCOJ algorithms form a natural bridge between
worst-case complexity bounds, structural measures of queries, and practical evaluation strategies.

In this manuscript, worst-case optimal joins serve as a foundational algorithmic paradigm.
They provide the backbone upon which more refined query answering tasks are built. The
algorithms introduced in this manuscript play a central role in several of the subsequent chapters.
We introduce the framework more formally in Chapter 2 (see Section 2.2.1) and, in Chapter 3,
we introduce a very simple algorithm for query evaluation that can be shown to be worst-case
optimal. In Chapter 4, we build on this algorithm, and more precisely, on the trace of this
algorithm, to answer uniform sampling tasks over join queries.

Relational Circuits as Factorised Representations
While worst-case optimal join algorithms provide a different way of evaluating join queries, the
explicit materialisation of query answers often remains impractical for large result sets. In many
applications, it is neither necessary nor desirable to store the entire set of answers in a flat
relational form. The most naive such representation is a table, which, while practical to use, may
incur a prohibitive memory cost. Aside from the purely algorithmic elements of join evaluation,
another research direction consists in finding more compact representations that exploit the
internal structure of the query. These representations can then be used to support efficient
evaluation of query answering tasks, such as enumeration and direct access.
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To this end, we use relational circuits, which offer a formal framework for representing the
answers of relational queries in a structured and factorised manner. This approach is closely related
to research on SAT solving, which concerns the problem of determining whether a logical formula
is satisfiable. It also links to the factorised database research direction, introduced by Olteanu
and Závodný [OZ15]. Rather than enumerating all tuples explicitly, factorised representations
encode query answers as the result of combining simple components according to the structure of
the query. This approach makes it possible to capture properties and shared substructures within
the result set, often leading to representations that are exponentially more succinct than their
flat counterparts.

Beyond their compactness, relational circuits provide a versatile abstraction for query answering.
Their circuit-like structure naturally supports a range of operations on query results, including
enumeration, uniform sampling, and direct access to individual answers. Crucially, these operations
can often be performed without materialising the full answer set, thereby avoiding the prohibitive
costs associated with explicit storage.

From an algorithmic perspective, relational circuits can be viewed as a bridge between query
evaluation and query access. They decouple the process of computing a representation of the
answer set from the tasks performed on that representation, allowing preprocessing costs to be
amortised across multiple subsequent operations. This separation of concerns is particularly useful
with enumeration tasks, where we want every answer returned one by one. However, reusing the
same structure also happens to be useful in the case where we want to repeat uniform sampling
or direct access tasks for several separate answers.

In this manuscript, relational circuits play a central role as an intermediate representation of
query answers. They are formally introduced in Chapter 5, but are also closely linked with the
results of Chapter 3. Chapter 5 also shows how this structure handles negation in queries with
relative ease. In Chapter 6, we build upon these structures to design an efficient direct access
algorithm that matches existing results from the literature while extending their scope to join
queries with negation.

Answering Queries

The main contribution of this thesis lies in leveraging the properties of worst-case optimal join
algorithms and relational circuits to efficiently support different query answering tasks. These
two ingredients provide complementary tools: worst-case optimal join algorithms control the
complexity of join evaluation, while relational circuits enable compact representations that support
efficient access to query answers. In this work, we focus primarily on two such tasks: uniform
sampling and direct access.

I Uniform sampling. Uniformly sampling an answer from the result set of a query without
materialising the full answer set is an important task in applications ranging from approximate
query answering to data analysis or even machine learning. The challenge lies in generating
answers according to a uniform distribution, that is, ensuring that all answers have an equal
probability of being produced, while maintaining strong guarantees on processing and sampling
complexity. In this thesis, we show how our worst-case optimal join algorithm from Chapter 2
can be used to construct a structured representation of the query’s answer set. This is done
by exploiting the trace of the algorithm, which exhibits a structure that can be exploited for
sampling. These ideas are more formally introduced and developed in Chapter 4, where we
present a sampling algorithm that avoids enumerating the full answer set and matches known
worst-case complexity bounds.
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I Direct access. As we mentioned earlier, direct access aims to retrieve the answer at a given
position in a fixed ordering of the query result, without enumerating all preceding answers. This
task is particularly demanding, as it requires navigating through the answer space in a controlled
and indexable manner. In this manuscript, we will mostly exploit the properties of relational
circuits to guide this navigation and to isolate the contribution of individual components of the
query result. Building on these representations, we present a direct access algorithm with efficient
preprocessing and access phases, which matches existing results and extends to a broader class of
join queries, including queries with negation. These contributions are presented in Chapter 6.

How to Read this Manuscript
This manuscript is organised around several interdependent themes. While the chapters follow a
logical progression, not all of them need to be read sequentially, and different reading paths are
possible depending on the reader’s interests and background.

Chapters 1 and 2 are general introductory chapters. They are targeted to anyone with a
keen interest in theoretical computer science wishing to understand more deeply the fundamental
concepts developed in this thesis. Chapter 1 introduces the key base notions of graph and database
theory that will be useful in the subsequent chapters. It is written with an emphasis on clarity
and pedagogy, and aims to provide a self-contained introduction to the necessary background.
Chapter 2 is a presentation of different query answering tasks that are mentioned in the thesis. It
serves as a survey of existing results to consolidate the contributions from subsequent chapters.

The contributions of this thesis are exposed in Chapters 3 to 6. Chapter 3 proposes the
base algorithm for the rest of the manuscript, a simple worst-case optimal join algorithm whose
trace will serve as foundation for the relational circuits introduced in Chapter 5 and the specific
algorithms for uniform sampling (Chapter 4) and direct access (Chapter 6). It is advisable to
read Chapter 3 before Chapter 4, since there is a strong link between the two. Similarly, it is
advisable to peruse through Chapter 5 before Chapter 6 to have a better understanding of the
structure we use for direct access.

A simple illustration of a recommended reading order is presented in Figure 1. The “most
recommended” links are represented with solid arrows (shown in green) and the more “optional”
links are represented with dashed arrows (shown in orange).

A Note on Typesetting

This manuscript adopts a number of typesetting conventions intended to improve both readability
and navigation. A global table of contents is provided at the beginning of the document, and each
chapter is preceded by a more detailed local table of contents. Similarly, while a consolidated
bibliography appears at the end of the manuscript, each chapter concludes with its own list of
references.

Elements that are central to the development of the results, such as theorems, lemmas, and
examples, are visually distinguished from the main text using framed environments. Numbering
for these elements is consistent within each chapter and is reset at the beginning of every chapter.
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Chapter 1

Preliminaries

Foundations are like socks: you only notice them
when they’re missing.

Unknown

Before delving into the core contributions of this manuscript, we begin with a self-contained
chapter that lays out the definitions and conventions upon which the remainder of this work relies.
This chapter is not meant to be exhaustive, but aims to help equip the reader with a working
vocabulary and the necessary mathematical tools to understand the following results. Readers
familiar with the basic theory of databases, graphs, and computational complexity should most
probably skim through this chapter and return if and when needed, while others might benefit
from reading it sequentially.

We start by introducing general notations, then turn in Section 1.2 to graphs, hypergraphs,
and associated structural measures, which will form the basis for structural tractability results in
later chapters. These notions are introduced with an emphasis on intuition and examples, to help
ground the more abstract definitions.

The next sections are devoted to the relational model of data. In Section 1.3, we define tuples,
relations, and databases, before formalising queries. These will be central to the problems we
study.

Outline of the current chapter
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1.1 General Notations

We will often use sets in this manuscript. A set is a collection of different elements. If an object
x belongs to a set S, we write x ∈ S. For a finite set S, we denote by |S| its cardinality, that
is the number of elements belonging to S. The empty set is the only set with no elements, and
is denoted ∅. Given n ∈ N, we denote by [n] the set {1, . . . , n}. Given two sets S and T , their
union is denoted S ∪ T and their intersection is denoted by S ∩ T . If the elements of S all appear
in T , then we call S a subset of T and write S ⊆ T . If S does not contain all of the elements of
T , then it is denoted by S ⊂ T and is a proper subset. Given two sets S and T , we denote by
S \ T the set obtained by removing from S the elements from T . When considering a set S, the
power set of S, denoted by P(S) is the set of all subsets of S. For two sets S and T , we define
the Cartesian product of S and T , denoted S × T by the set composed of all possible pairs of
elements from S and T . Formally, S × T = {(i, j) | i ∈ S, j ∈ T}.

In this thesis, we will use standard complexity notations. We only remind the main notations
that we use here, but the interested reader might refer to the very complete textbooks by
Perifel [Per14] or by Arora and Barak [AB16]. If f and g are two functions from N to N, we
say that f = O(g) if there exists a constant c such that f(n) 6 c · g(n) for any sufficiently large
n. When writing down complexity statements, we use poly(n) to denote that the complexity
is polynomial in n, polyk(n) when the complexity is polynomial in n if k is considered to be
constant and polylog(n) to denote that the complexity is polynomial in log(n). We also use the
Õ(·) notation to indicate that polylogarithmic factors are ignored, that is, if the complexity is
O(npolylog(n)), then we write Õ(n).

Model of computation. In this thesis, we will often work in the word-RAM model of computa-
tion, first introduced by Fredman and Willard [FW90], with O(log(n))-bit words and unit-cost
operations. Here n is the size of the input, which will mainly consist in the size of the database.
The main consequence of this choice is the following: we can perform arithmetic operations on
integers of size at most nk (thus encoded over O(klog(n)) bits) in time polynomial in k only. In
particular, it is known that addition can be performed in time O(k) (using the usual addition
algorithm on numbers represented in base log(n)) and both multiplication and division can be
performed in time O(klog(k)) using Harvey and Van Der Hoeven’s algorithm [HV21]. We will
heavily use this fact in the complexity analysis of our algorithms since we will need to manipulate
integers representing the size of relations on domain D and k variables, hence, of size at most
|D|k. We will therefore assume that any arithmetic operations here can be performed in time
O(klog(k)).

1.2 Graphs, Hypergraphs, Decompositions

Graphs, and more generally hypergraphs, are amongst the most common structures in computer
science. Because of their generality and expressive power, they appear in a wide range of domains,
from formal language theory to constraint satisfaction and beyond. Moreover, they provide a
natural way to model relationships between objects, whether it is pairwise in the case of graphs
or between sets of elements in the case of hypergraphs, which makes them a very useful tool in
the study of databases. In this section, we introduce the basic notions surrounding graphs and
hypergraphs, together with the decomposition techniques that allow us to analyse and reason
about their structure. These notions will serve as essential tools throughout the rest of this thesis.
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1.2.1 Graphs
A graph is a pair G = (V,E), where V is a finite set and E ⊆ {{u, v} | u, v ∈ V, u 6= v}. The
elements of V are called the vertices or nodes of G and the elements of E are called the edges of
G. A graph is often represented as in PEN Example 1.1 .

I Example 1.1
A simple example of a graph could be:

1

2

3

4

5

In this case, V = {1, 2, 3, 4, 5} and E = {{1, 2}, {2, 3}, {2, 4}, {3, 4}, {3, 5}, {4, 5}}.

With this definition, graphs are said to be undirected. Edges are considered as sets {u, v} of
vertices of cardinality 2. It is natural to then introduce a variant of this definition where the edges
are directed, that is, they are represented as pairs (u, v) in which the first component (here, u) is
the source of the edge and the second (here, v) is its destination. A graph defined in this way is
said to be directed. Notice that this implies an orientation of the graph.

The neighbourhood of a vertex v ∈ V in a graph G, denoted NG(v) is defined as the set of nodes
that are connected to v by an edge e ∈ E. When the graph is made obvious from the context,
we abuse the notation slightly and denote N(v). Formally, NG(v) = {u ∈ V | {v, u} ∈ E}. This
notion is also referred to as the open neighbourhood of a vertex. We can lift this notation to
sets of vertices, that is NG(W ) =

⋃
w∈W NG(w). However, when considering a set of vertices

W , this neighbourhood could contain elements of W . Thus, for a set of vertices W , the open
neighbourhood is defined as the set of neighbours of elements of W that are outside of W , that
is: N ∗G(W ) =

⋃
w∈W NG(w) \W . The degree of a vertex v, denoted by deg(v), is the size of its

open neighbourhood. The degree of a graph G is the maximal degree of its vertices. For directed
graphs, we can define similar notions of neighbours: out-neighbours and in-neighbours. A vertex
v is said to be an out-neighbour (respectively in-neighbour) of a vertex u if there exists an edge
(u, v) (respectively an edge (v, u)).

A path of length k from a vertex u to a vertex v, is a sequence of distinct vertices (x1, . . . , xk+1)
with x1 = u, xk+1 = v and {xi, xi+1} ∈ E for all i 6 k. In directed graphs, a directed
path of length k from a vertex u to a vertex v is a sequence of distinct vertices (x1, . . . , xk+1)
with x1 = u, xk+1 = v and (xi, xi+1) ∈ E for all i 6 k. A cycle of length k is a sequence
(x1, x2 . . . , xk, x1) of vertices where x2 6= xk (that is, there are at least 3 distinct vertices in the
cycle), (x1, x2 . . . , xk) is a path of length k−1 and there exists an edge between xk and x1. Cycles
can also be seen as paths of length k > 2 between u and u. A graph G is said to be acyclic if
it contains no cycle. In PEN Example 1.1 , the sequences (1, 2, 4), (1, 2, 3, 4) and (1, 2, 3, 5, 4) are all
paths from 1 to 4 of different lengths and the sequences (3, 4, 5, 3) and (2, 3, 5, 4, 2) are both cycles,
of lengths 3 and 4 respectively. A clique is a graph such that for any pair (u, v) ∈ V 2, u 6= v,
{u, v} ∈ E, that is, any pair of vertices is connected by an edge.

A graph is said to be connected if for every pair (u, v) ∈ V 2, there exists a path from u to v.
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A connected component of a graph is subset of vertices W ⊆ V such that for every u ∈ W and
v ∈ V , there exists a path from u to v if and only if v ∈ W . Again, we can consider the same
notions for directed graphs by imposing that the edges between any u and v are directed as such.
Moreover, in directed graphs, we can introduce the notion of strongly connected components as a
subset of vertices forming a connected component, but where we also have that every vertex is
connected to any other vertex. More formally, a subset W ⊆ V is a strongly connected component
if there is a directed path in each direction between each pair of vertices (u, v) ∈W 2.

For a subset W ∈ V of vertices, the subgraph of G induced by W is the graph defined by
G[W ] = (W, {{u, v}|u ∈W, v ∈W, {u, v} ∈ E}), that is, the graph obtained by keeping only the
vertices from W and the edges from the original graph that connect vertices from W .

1.2.2 Trees
Trees are a class of graphs with interesting additional properties. A tree is defined as a connected
and acyclic graph. In a tree, we call a vertex of degree 1 a leaf. The set of leaves of a tree T is
denoted by leaves(T ). Since a tree T is acyclic and connected, for any pair of vertices (u, v), there
exists one and only one path from u to v such that all the vertices composing it are distinct.

A rooted tree is a pair between a tree T and a special vertex of r ∈ T , called root. For any
vertex v that is not the root, the parent of v is the vertex that appears immediately before v on
the path from the root to v. Similarly, for any vertex v, the children of v are the neighbours of v
that are not their parent. If no vertex from T has more than 2 children, then T is said to be a
binary tree. This notion of parenthood between the vertices of the tree induces a partial order on
the vertices of the tree. If v is a descendant of u (that is, v is a child of u or a descendant of one of
the children of u), then we write u ≺ v. This induced order is not total since, without additional
information about the ordering over the children of a same vertex, we cannot compare between
vertices that are not on a same path from the root to the leaf. Also, from the connectedness and
acyclicity of the tree, there always exists a unique path from the root to any other node of the
tree. Contrary to real life, trees are often represented growing down from the root, such as in
PEN Example 1.2 .

A subtree of a tree T is defined as a subgraph of T that is also a tree. For a node v ∈ T , the
subtree of T rooted in v, denoted Tv is the subtree induced by v and its descendants, where v is
the new root. A rooted tree T can therefore be seen as the union of its root and the subtrees
rooted in each child of the root.

I Example 1.2
An example of a tree T , rooted in 1:

1

2

3 4

5

6

In this example, the set of leaves is leaves(T ) = {3, 4, 6}. Node 2 is the parent of nodes 3
and 4, and nodes 2 and 5 are the children of the root 1. Notice that, since no node in T has
more than two children, T is also an example of a binary tree.

The tree structure induces a partial order such that 1 ≺ 6 or 1 ≺ 2 for example but where
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we cannot compare 2 and 6 directly.

1.2.3 Measures on graphs

Graphs can vary widely in structure, from simple or sparse trees such as in PEN Example 1.2 to
denser, more complex graphs with many connections. One could assume that the complexity of
working with a graph is closely linked to the number of vertices and edges. While this is true to
some extent, the complexity of a graph has more to do with its structure, that is, the way these
vertices and edges are connected to one another. We therefore need a way to reason about this
structure in a comprehensive way. Typically, this is done by introducing a numerical measure of
the graph, known as its width. In this section, we review these classical notions and highlight
their relevance as structural complexity parameters for graphs.

Trees are graphs with restrictions that make them structurally simple, since they are acyclic
and connected. A starting point to understanding the general complexity of a graph’s structure
could thus be to find out how different it is from a tree. Enter the notion of treewidth, capturing
just this concept, which was introduced by Robertson and Seymour [RS83; RS86] and later by
Bodlaender [Bod93]. This notion is based on the tree decomposition of the graph, which can be
defined as:

I Definition 1.3 (Tree decomposition, [RS83; RS86; Bod93])
A tree decomposition of a graph G = (V,E) is a pair (T, λ), where T is a tree and λ is a
function that labels each vertex t ∈ T by a subset λ(t) of vertices from V , called a bag. The set
union of all the bags is equal to V . The tree and the bags also respect the following conditions:

1. Connectedness: for any v ∈ V , the vertices t ∈ T such that v ∈ λ(t) form a subtree.

2. Completeness: for every edge e ∈ E, there exists a bag covering e. Formally, there
exists t ∈ T such that e ⊆ λ(t).

I Example 1.4 (A tree decomposition [Bod93])
In this example, we show an example of a (moderately) more complex graph and one of the
possible tree decompositions for this graph.
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1 3
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(a) A graph G
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6 7

4
6 8 8 9
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9 11

(b) A tree decomposition of G

Note that every graph has at least one tree decomposition: the tree containing one node labelled
by V . However, they may be multiple different possible decompositions, and we need a way to
compare them. From this definition of tree decomposition, we can define the treewidth.

I Definition 1.5 (Treewidth)
For a graph G = (V,E) and a tree decomposition of (T, λ) of G, the treewidth of T , denoted by
tw(T, λ), is the size of the largest bag of T minus one. Formally, tw(T, λ) = maxt∈T |λ(t)| − 1.

The treewidth of a graph G, denoted tw(G), is the minimal treewidth over all the possible
tree decompositions of G.

From this definition, trees will have treewidth 1, since we can build a tree decomposition
where each node contains an edge of the tree, thus having a bag size of 2. The tree decomposition
presented in PEN Example 1.4 (b) has a maximum bag size of 3 and thus, a width of 2. Cycles are
close to being trees: by removing only one edge, we get a path, which has treewidth 1. In fact,
cycles have treewidth 2 because of this.
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I Remark 1.6
Notice that, on the other hand, cliques are highly connected: a k-clique has treewidth k − 1,
it is therefore far from being a tree. This is due to the fact that, from the completeness and
connectedness properties, every clique has to be contained in one bag. In PEN Example 1.4 , this
is the case for the 1 — 2 — 3 triangle for example.

Tree decompositions are a standard way of defining various graph parameters. However, we
can also define most of these parameters from elimination orders on the vertices. For a graph
G = (V,E) and a vertex v ∈ V , we define the graph G/v as the graph obtained by removing v and
connecting its neighbourhood by a clique. Elimination orders were defined by Bodlaender [Bod06],
but we will prefer the following definition from [Cap16] which also includes the notion of width
for the order.

I Definition 1.7 (Elimination Order, [Bod06; Cap16])
Let G = (V,E) be a graph. An elimination order of width k for G is an ordering (x1, . . . , xn) of
the vertices of G such that the degree of xi in Gi is at most k where G1 = G and Gi+1 = (Gi/xi)
for all i 6 n−1.

I Example 1.8 (Elimination order of a graph)
The following is an example of the elimination order π = (1, 4, 2, 5, 3) applied over the graph
from PEN Example 1.1 .

1

2

3

4

5

𝐺1

1

2

3

4

5

𝐺2

1

2

3

4

5

𝐺3

1

2

3

4

5

𝐺4

1

2

3

4

5

𝐺5

remove 1 remove 4 remove 2 remove 5

Notice how the edge (2, 5) is created between G2 and G3 when we remove 4 and connect
its neighbourhood by a clique.

The degrees of the vertices when removed are: degG1
(1) = 1, degG2

(4) = 3, degG3
(2) = 2,

degG4
(5) = 1, degG5

(3) = 0. This elimination order is therefore of width k = 3, since the
degree of any xi in Gi is at most 3.

Bodlaender has proved the correspondence between the treewidth and the width of an
elimination order [Bod06].
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I Theorem 1.9 ([Bod06, Theorem 1])
Let G be a graph. G has an elimination order of width k if and only if G has a tree decomposition
of treewidth k.

Proof. Let T be a tree decomposition of G of width k. We now want to show that this implies
that G has an elimination order of width k. In order to do this, we show that there exists a
vertex v1 in G of degree at most k such that G/v1 has a treewidth of at most k. Consider a leaf
t of T : if the bag λ(t) at t is contained in the bag of its parent, then we can remove t and T
remains a valid tree decomposition. This can be repeated while possible. At some point, we will
obtain a new tree decomposition T ′ of G where there is a leaf t such that λ(t) is not contained
in the bag of the parent of t. This implies that there is a vertex v1 ∈ λ(t) that does not appear
in the preceding nodes, and thus, by the connectedness property, nowhere else in T . By the
completeness property, we know that every edge is covered by some bag. This implies that all
the neighbours of v1 are also included in λ(t). However, the tree decomposition is of width at
most k, so |λ(t)| 6 k + 1, which in turns implies that v1 is of degree at most k. Furthermore,
we have that since N(v1) ⊆ λ(t), the tree decomposition obtained by removing v1 from λ(t) is
valid for G/v1. The elimination order of width k can be shown by induction on the number of
vertices, since we now search for an elimination order of width k in G/v1 and so forth.

The second part of the proof consists of building a tree decomposition of width k from
an elimination order (v1, . . . , vn). Again, we can work inductively. Suppose Ti+1 is a tree
decomposition of width k of Gi+1. Gi+1 is built from Gi by connecting the neighbourhood
of vi with a clique, which implies that there exists a node in t ∈ Ti+1 such that λ(t) contains
every vertex from Nvi(Gi). Ti is then built by connecting to t in Ti+1 a new leaf t′ with
λ(t′) = NGi(vi)∪ {vi}. We must now show that Ti is indeed a tree decomposition of Gi and has
a treewidth of at most k. Each bag of Ti+1 contained at most k+1 vertices, thus each bag in Ti

except for λ(t′) contains at most k+1 vertices also. We know from the width of the elimination
order that vi is of degree at most k in Gi, therefore λ(t′) is also of size at most k + 1. We now
show that all the edges of Gi are covered in Ti. All edges (u, v) of Gi where both u and v are
different from vi were covered in Ti+1 and still are. All edges containing vi are by definition
covered by λ(t′). Finally, we show that Ti is connected: vi is clearly connected since it is only
present in λ(t′). If a vertex v is not in the neighbourhood of vi, then it stays connected since it
was connected in Ti+1. If v ∈ NGi

(vi), then it was connected in Ti+1 and appears in λ(t) and
λ(t′). Since t and t′ are neighbours, all vertices remain connected. �

Note that for any n-cycle, removing one of vertices and replacing its neighbourhood by a
clique induces an (n− 1)-cycle. Since the degree of all the vertices in a cycle is 2, all elimination
orders over a cycle have width 2, and therefore we have a treewidth of 2.

1.2.4 Hypergraphs
Graphs are a useful structure to represent pairwise connections between elements, such as a
friend network for example. However, sometimes one would like to represent connections between
more than two elements. Suppose for example that we want to model the relationships between
authors of academic papers. If a paper could only have been written by a single author or a pair
of authors, then we could use a graph, where the vertices would represent the authors and the
edges the papers. However, sometimes more than two people collaborate on a given paper. In
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this case, we need to be able to link multiple authors (vertices) to one paper (edge)1.
In order to solve this kind of problem, Berge introduced the notion of hypergraph as a

generalisation of graphs [Ber73; Ber87]. A hypergraph H = (V,E) is a pairing between a set of
vertices V and a set of sets E. A set e ∈ E is called a hyperedge, or when the hypergraph context
is clear, simply an edge. The set of vertices of H is defined as the set union of the edges, that is
V (H) =

⋃
e∈H e. We define the rank of a hyperedge e as the number of vertices in e. We show a

simple example of a hypergraph in PEN Example 1.10 .

I Example 1.10
Let H be a hypergraph such that H = ({1, 2, 3, 4, 5}, {{1, 3}, {1, 2, 5}, {2, 4, 5}, {4, 5}}). H has
two hyperedges of rank 3 and two edges of rank 2. H can be represented graphically as such:

1

2 3

5 4

In this example, the {1, 2, 5} edge is represented coloured in blue and the {2, 4, 5} edge is
represented coloured in green. Regular edges (between two nodes) are represented in the same
way as in PEN Example 1.1 .

Some of the notions we defined over graphs translate quite naturally in the context of
hypergraphs. The neighbourhood of a vertex v in a hypergraph H, denoted by NH(v) is defined
as the set of vertices that are connected to v by a hyperedge e ∈ H, NH(v) = {w ∈ V (H) | ∃e ∈
H, {v, w} ⊆ e}. The open neighbourhood is defined similarly for hypergraphs. A path of length
k from u to v is a sequence of distinct vertices (x1, . . . , xk+1), with x1 = u, xk+1 = v and such
that, for all 1 6 i 6 k, there exists an edge ei ∈ H with xi ∈ ei, xi+1 ∈ ei. A hypergraph is said
to be connected if for every pair (u, v) ∈ V (H)2, there exists a path from u to v. A cycle can
still be seen as a path of length k > 2 from u to u, but in the context of hypergraphs, more
relevant definitions exist, as we will see in Section 1.2.5. A hypergraph H′ is a subhypergraph
of H if H′ ⊆ H. For a subset of vertices V ′ ⊆ V (H), the hypergraph induced by V ′ is defined
as H[V ′] = {e ∩ V ′ | e ∈ H} \ {∅}. To lighten the notations, we will sometimes omit the set
notation when introducing induced hypergraphs if we can easily identify the vertices. For instance,
H[v1, v2] = H[{v1, v2}].

For a hypergraph H = (V,E) and a subset of vertices S ⊆ V , we define the cover number of
S with respect to H, denoted cnH(S) to be the minimal number of edges of H needed to cover
all vertices from S. More formally, cnH(S) = min{|F | | F ⊆ E,S ⊆

⋃
f∈F f}.

This can also be seen as the optimal solution of the following integer linear program:

1In this (very) simplified model, suppose that authors get bored easily and would never write more than one
paper with exactly the same people.
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min
∑
e∈E

xe

s.t.∀e ∈ E, 0 6 xe 6 1,

∀s ∈ S,
∑
e|s∈e

xe > 1

When referring to this linear program, we usually call the xe values the weights over the edges.
The cover number of a hypergraph H is defined as the minimal number of edges needed to

cover the whole vertex set. The fractional cover number of S with respect to H, denoted by
fcnH(S), is a relaxation of the linear program for the cover number to rational numbers. In
this case, we look for the optimal value over Q. To avoid overcharging the notations, when the
considered hypergraph is clear from the context, we omit it from the notation.

I Example 1.11 (Covering the vertices with edges)
We will show a quick example of the computation of cover numbers for a simple hypergraph.

Consider the following triangle hypergraph ∆, defined on ver-
tices V = {1, 2, 3}, such that all vertices are connected.

1

2 3

To find the cover number of ∆, we solve the linear program. We could
assign a weight of 1 to each edge: in this case, all the vertices are
covered, and we have cn(∆) 6 3. Another solution is to assign a weight
of 1 to two distinct edges: in this case, all the vertices are still covered
by a weight of at least 1, and we have cn(∆) 6 2. If we assign a weight
of 1 to only one edge, then we will have one vertex that is not covered.
The cover number of ∆ is therefore 2, since you need at least two edges
to cover V .

1 11

2 3

Suppose we relax the constraints on the weights to use fractional
numbers. Since each vertex has degree 2, we could imagine assigning a
weight of 1/2 to each edge. This keeps each vertex covered by a weight
of 1 exactly, but reduces the fractional cover number to 3/2.

0.
5 0.5

1

2 3
0.5

To give some intuition behind these measures, let’s start by considering a simple case over
a graph. Suppose that you have a list of tasks to do (that will be the vertices of the graph),
and a list of workers that can work on two different tasks simultaneously (as such, they will
be represented by the edges of the graph). What we want to do is find the minimal number of
workers we have to hire so that each task is fully completed.

Let’s first consider we can only hire the workers for full-time contracts (0 or 1). For a task
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graph such as ∆ from PEN Example 1.11 , we could of course hire all three workers. In this case,
all the tasks would be fully completed. In fact, they would even be completed at 200% each,
since two full-time workers would be doing each task. By only selecting two of the workers, we
reduce the total employment load, but still complete all of the tasks. Some tasks might still be
completed at more than 100%, but in this case, we cannot do better. This number is the cover
number of our task graph.

Now suppose that we can offer part-time contracts to our workers (between 0 and 100%).
In this case, we will have some tasks that are completed partly by one worker and partly by
another. While we could technically still employ two workers for full-time contracts, this is no
longer minimal, and by readapting the work load, we could be more efficient. In the last case of
PEN Example 1.11 , what happens is that we offer all three of our workers a 50% time contract. All
the tasks are still fully completed, however, the “total time” used is only 1.5 full-time equivalents
(0.5 per worker). In this optimal solution, we are computing the fractional edge cover of ∆, which
is the number of equivalent full-time contracts needed to fully complete all the tasks.

When dealing with hypergraphs, the intuition stays the same, but this time, we that a worker
is no longer limited to 2 tasks, but could work on any number of them simultaneously.

1.2.5 Hypergraphs: Acyclicity and Measures
In Section 1.2.3, we introduced a notion of width for graphs as a way of characterising their
structure. A natural next step is to extend these notions to hypergraphs. In this section, we will
focus on presenting first a generalisation of the notion of acyclicity over hypergraphs and then a
decomposition notion: the hypertree width.

The notion of acyclicity is not as trivial to explain in the context of hypergraphs than for
graphs, since the notion of cycle is not necessarily as intuitive. Multiple degrees of acyclicity
have been defined, notably by Fagin [Fag83]. However, a minimal requirement for any notion of
hypergraph acyclicity is that when restricted to graphs, the notion should coincide with the usual
definition of acyclicity for graphs. PEN Example 1.12 shows multiple hypergraphs. If the first of
those is intuitively cyclic, the rest can be seen as acyclic depending on the considered degree of
acyclicity. A more complete introduction to these notions can be found in [Dur09] and a complete
overview of the different notions, their properties and of known results on hypergraph acyclicity
can be found in [Bra17].

I Example 1.12 (Cycles? Where?)
Each of the hypergraphs presented below contain a path from vertex 1 to vertex 3 that could
be considered as a cycle for at least one hypergraph acyclicity notion. For the leftmost graph,
it is simply a cycle as defined in Sections 1.2.1 and 1.2.3, but it is a little trickier for the two
other graphs. Notably, both the second and third hypergraphs can be considered acyclic.

1

2 3

1

2 3

1

2 3
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α-acyclicity. A very general notion of acyclicity is α-acyclicity, which was introduced by Yan-
nakakis [Yan81]. This notion was later extended in [Fag83; Bee+83]. The idea of α-acyclicity is
inspired by tree decompositions and uses the concept of a join tree, defined formally as follows:

I Definition 1.13 (Join tree)
A join tree of a hypergraph H is a special tree decomposition (T, λ) of H, where λ is a one-to-one
mapping from the vertices of T and H.

A hypergraph H is said to be α-acyclic if it has a join tree, which can be counterintuitive,
such as shown in PEN Example 1.14 . If we consider only graphs, then the existence of a join tree
is equivalent to the existence of tree decomposition of treewidth 1. This implies that when
restricting the study to graphs, α-acyclicity collapses with standard graph acyclicity.

I Example 1.14
A join tree for the second hypergraph of PEN Example 1.12 could be:

1
2 3

1 2 1 3 2 3

Note that this implies that this hypergraph is α-acyclic.

The notion of α-acyclicity can also be defined in terms of elimination orders, in a similar
fashion as in Section 1.2.3. To do this, we can generalise the algorithm that consists in eliminating
leaves from a tree. Given a hypergraph H, we call a vertex v ∈ V (H) an α-leaf of H if there exists
an edge e ∈ H such that {v} ∪ NH(v) ⊆ e. That is, that v and its neighbourhood are contained
in e. An α-elimination order for H is then an elimination order (v1, . . . , vn) of V (H) such that,
for every 1 6 i 6 n, vi is an α-leaf of H[vi, . . . , vn].

The link between the two notions can be formalised as such:

I Theorem 1.15 ([Bee+83, reformulated] or [Bra17, Corollary 5 and Section 2.1])
A hypergraph H is α-acyclic if, and only if, there exists an α-elimination order for H.

The notion of α-acyclicity seems simple to grasp, but can be counterintuitive, such as shown
in the second hypergraph of PEN Example 1.12 or in PEN Example 1.16 . Indeed, this notion is not
hereditary: a hypergraph H can be α-acyclic even if there exists a subhypergraph H′ ∈ H that is
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not. This is the case in both our examples, where, by removing one edge only, we get a triangle
graph. In fact, we can make any hypergraph α-acyclic by simply adding a hyperedge covering
all of the vertices. In this case, a join tree consists of a root node labelled by this hyperedge,
connected to nodes labelled each with one edge of H.

I Example 1.16 (α-elimination order)
The following is an example of the α-elimination order π = (6, 3, 4, 5, 1, 2) over a simple
hypergraph:

1

2 3

4

5 6

𝐻1

1

2 3

4

5

𝐻2

1

2

4

5

𝐻3

1

2

5

𝐻4

1

2

𝐻5

remove 6 remove 3 remove 4 remove 5

In the original hypergraph, the vertex 6 is an α-leaf, since all of its neighbourhood is
covered by one edge that also contains 6 (the edge {3, 6}). Symmetrically, this is also the case
for 4 and 5. Since it is an α-leaf, we can remove it.

In the following hypergraph, 4 and 5 are still α-leaves, but now, 3 is also an α-leaf, since
the edge {1, 2, 3} covers all the neighbours and 3. We choose to remove 3 here.

From then, since we basically have a path from 4 to 5, we can remove at each step one of
the extremities of the path. Here, we select 4, then 5. The removal steps for 1 and 2 are not
pictured but we can remove them by the same observation.

Since, there is an α-elimination order for this hypergraph, we know from Theorem 1.15
that it is α-acyclic.

β-acyclicity. This observation that α-acyclicity is non-hereditary creates a need for another
notion of acyclicity, that aims to fix this counter-intuitive aspect of α-acyclicity. In comes
β-acyclicity, that imposes that any subhypergraph must be α-acyclic.

I Definition 1.17 (β-acyclicity)
A hypergraph H is β-acyclic if, and only if, for every subhypergraph H′ ⊆ H, H′ is α-acyclic.

Once again, when restricted to graphs, this reduces to regular acyclicity, since any subgraph
of an acyclic graph is also acyclic. In PEN Example 1.12 , the second hypergraph is α-acyclic but
not β-acyclic, since it contains the triangle as a subhypergraph. However, the third hypergraph is
β-acyclic.
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Other equivalent characterisations of β-acyclicity have been given, one notably using elimina-
tion orders. Given a hypergraph H, a β-leaf of H is a vertex v such that Hv = {e ∈ H | v ∈ e}
is ordered by inclusion, that is Hv = {e1, . . . , em} with e1 ⊆ · · · ⊆ em. A β-elimination order
for H is then an elimination order (v1, . . . , vn) such that, for every 1 6 i 6 n, vi is a β-leaf of
H[vi, . . . , vn]. Once again, the link between the two notions can be formalised as such:

I Theorem 1.18 ([Bee+83, reformulated] or [Bra17, Corollary 5 and Section 2.1])
A hypergraph H is β-acyclic if, and only if, there exists a β-elimination order for H.

In PEN Example 1.12 , the second example does not contain any β-leaves. Indeed, the vertex 1
(and symmetrically for 2 and 3) for example belongs to the edges {{1, 2}, {1, 3}, {1, 2, 3}} and this
set cannot be ordered by inclusion. By removing one vertex such as in the third example however,
2 belongs to {{1, 2}, {1, 2, 3}} which is ordered by inclusion, thus 2 is a β-leaf. If we remove 2
from the hypergraph, then the two remaining vertices both are β-leaves, thus the hypergraph is
β-acyclic.

More different levels of hypergraph acyclicity have been defined over the years such as γ-
acyclicity or Berge-acyclicity, but we will not develop these further in this manuscript. The
interested reader can refer to Brault-Baron’s survey [Bra17] for more details.

Width measures. An important tool to measure the complexity of a graph’s structure is the
notion of width. Gottlob, Leone, and Scarcello introduced the notions of hypertree width and
generalised hypertree width [GLS99; GLS02]. We will present these notions here, but a more
detailed overview of their applications can be found in [GLS01].

The tree width came from the decomposition of the graph into a tree. The idea will be to
use the same principle for hypergraphs. In order to do this, we define the generalised hypertree
decomposition.

I Definition 1.19 (Generalised Hypertree Decomposition (GHD))
Let H be a hypergraph. A generalised hypertree decomposition (GHD for short) of H is a pair
(T, λ), where T is a tree and λ a labelling function that associates to each node of T a subset
of the vertices of H. The decomposition also respects the following conditions:

1. Completeness: for every edge e ∈ H, there exists a node t ∈ T such that e ⊆ λ(t); and

2. Connectedness: for every vertex of H, the set {v | x ∈ λ(v)} forms a connected subtree.

We can use this decomposition to define generalised hypertree width:

I Definition 1.20 (Generalised Hypertree Width)
Let H be a hypergraph and (T, λ) a generalised hypertree decomposition of H. If, for a
given integer k and for every vertex t of T , we can find a subset of edges S ⊆ H such that
|S| 6 k and λ(t) ⊆

⋃
e∈S e, then T is said to be of generalised hypertree width at most k.
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We denote by ghtw(T ) the smallest k such that T is of generalised hypertree width k. The
generalised hypertree width of H, denoted ghtw(H), is the minimal generalised hypertree width
of generalised hypertree decompositions of H.

In the same way as for treewidth, we can use elimination orders to characterise (fractional)
hypertree width.

Given a hypergraph H = (V,E) and a vertex v ∈ V , we will denote by H/v the hypergraph
obtained by removing v from the set of vertices and adding a hypereedge consisting of its
neighbourhood. More formally, H/v = (V \ {v}, E[V \ {v}] ∪NH(v)). For an order (v1, . . . , vn)
on the vertices of a hypergraph H, we consider the family (Hi)16i6n+1 defined inductively as:
H1 = H,Hi+1 = Hi/vi. This allows us to define the following concepts:

I Definition 1.21 (Hyperorder Width)
Given a hypergraph H = (V,E) and an elimination order ≺= (v1, . . . , vn) over the vertices of
H, the hyperorder width of ≺ is defined as:

how(H,≺) = maxi6ncnH(NHi
(vi))

that is, we look at the neighbourhood of vi in Hi, and compute the cover number of this set
of vertices in the original hypergraph. The maximal value over all vertices is the hyperorder
width of ≺.

The hyperorder width of H, denoted how(H) is the minimum over every possible elimination
order ≺ over V of how(H,≺).

This definition can easily be lifted to fractional values:

I Definition 1.22 (Fractional Hyperorder Width)
Given a hypergraph H = (V,E) and an elimination order ≺= (v1, . . . , vn) over the vertices of
H, the fractional hyperorder width of ≺ is defined as:

fhow(H,≺) = maxi6nfcnH(NHi
(vi))

The fractional hyperorder width of H, denoted fhow(H) is the minimum over every possible
elimination order ≺ over V of fhow(H,≺).

It has already been observed multiple times (see [ANR15] or [Fic+18; Gan+22; ANR16], that,
for a hypergraph H, how(H) and fhow(H) are respectively equal to the generalised hypertree
width and the fractional hypertree width of H and that there is a natural correspondence between
a tree decomposition and an elimination order having the same width. However, to be able to
express the tractability results in this thesis as a function of the order, it is more practical to
define the width of orders instead of hypertree decompositions2.

2Strictly speaking, the definition of how(·) and fhow(·) in [ANR16] differ slightly in that the elimination step of
v removes every edge containing v and replace it by the neighborhood of v, where in our definition, we keep them.
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1.3 Queries and Databases
This section introduces the logical and theoretical foundations underpinning queries and databases,
upon which the rest of the thesis builds. We will work from the ground up, starting with the
data model composed of tuples, relations, and databases and then move on to the query syntax.

1.3.1 Tuples, Relations and Databases
Databases and their contents can be defined by two standard representations: the named
perspective and the unnamed perspective. Both have their strengths and weaknesses: the named
perspective fits better to the way that databases are represented in implemented database systems
and thus is clearer when presenting examples. The unnamed perspective, on the other hand,
provides an easier mathematical model, which becomes useful when studying the properties of
databases. These two perspectives can model the same situations, which means that we will be
able to switch between them when convenient, as to always use the most appropriate presentation.
In the following definitions, we will present both representations, however we will mainly use
the named perspective in this work. For the interested reader, a more complete and formal
presentation of these two representations can be found in [Are+22].

Tuples. We define a finite set D, that we will call the domain. This set represents the possible
values that can appear in our data. In the unnamed perspective, a tuple τ is an element of Dk for
some value k ∈ N. For a tuple τ = 〈τ1, . . . , τk〉, we call k the arity of the τ .

Conversely, in the named perspective, a tuple is a mapping from a variable set X to D, that is,
τ : X → D. This can also be seen as τ being an element of DX . Given a particular variable x ∈ X,
we denote by τ(x) the value of x in τ . In this case, a tuple τ over variables X = {x1, . . . , xn}
where, for all i ∈ [n], τ(xi) = di with di ∈ D will be represented as τ = 〈x1 ← d1, . . . , xn ← dn〉.
The empty tuple, the only element of D∅ is denoted by 〈〉. The main difference is that we are now
naming the attributes of the tuple, which allows us to reference them by name and ease notations.
In this case, a tuple can also be seen as a record of values assigned to different attributes, which
is a common way for visualising databases. In the unnamed perspective, for tuples of arity k, we
could see the set of variable X as the set of integers corresponding to positions [k].

Sometimes however, one is not interested in the valuation of the tuple over the full set of
variables (in the named perspective), but rather in a subset of those. For a tuple τ and a
subset of variables Y ⊆ X, we denote by τ|Y the restriction of τ over Y . Formally, τ|Y is the
tuple of DY such that τ|Y (y) = τ(y) for every y ∈ Y . Notice that this translates naturally to
the unnamed perspective if we consider a subset of indexes Y ⊆ [k] where k is the arity. Let
[k] \ Y = {i1, . . . , ip} so that i1 < i2 < · · · < ip. In this case, τ|Y = 〈τi1 , τi2 , . . . , τip〉.

When looking at several tuples, it is often important to be able to compare them. In effect, we
compare tuples over their common variables. Two tuples τ1 ∈ DX1 and τ2 ∈ DX2 are said to be
compatible if τ1|X1∩X2

= τ2|X1∩X2
. This is denoted by τ1 ' τ2. In this case, we denote by τ1 ./ τ2

the tuple over variables X1∪X2 where (τ1 ./ τ2)(x) is τ1(x) if x ∈ X1 and τ2(x) otherwise. When
the two variables sets are disjoint, that is X1 ∩X2 = ∅, this is simply the Cartesian product of τ1
and τ2 and denoted τ1 × τ2.

This does not change the notion of neighborhood at each step so it results in the same widths but with a slightly
different definition.
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Relations A relation R of arity k on domain D is a finite subset of all the possible tuples of
arity k. In the named perspective, R is a set of tuples over the same variable set X, that is,
R ⊆ DX . The size of a relation R is defined to be the number of tuples contained in R and often
shorthanded #R. The active domain of a relation is the subset of the domain composed solely of
the values used in the tuples from the relation.

In a similar way as for tuples, we often work with multiple relations at the same time. When
combining multiple relations, we combine the tuples of each relation on their common variables.
Given two relations R1 and R2 over a domain D and variables X1 and X2 respectively, the natural
join of R1 and R2, denoted by R1 ./ R2 is defined as {τ1 ./ τ2 | τ1 ∈ R1, τ2 ∈ R2, τ1 ' τ2}.
Observe that, in a similar fashion as for tuples, if X1 ∩ X2 = ∅, then R1 ./ R2 is simply the
Cartesian product of R1 and R2 and is denoted as R1 ×R2. In PEN Example 1.23 , we show a quick
example of both tuples and relations. In real-life database management systems, relations are
also known as tables.

Given a subset Y ⊆ X of variables, we denote by R|Y the restriction of R over Y . Formally,
R|Y is the set of tuples {τ|Y | τ ∈ R}. For a partial assignment τ , we denote by R[τ ] the subset
of tuples in R that are compatible with τ .

Throughout this thesis, we will often assume that both the domain and the variables are
ordered. The order on the domain D will be denoted by <, and the order on the variables will be
denoted by ≺. We will often write the domain as D = {d1, . . . , dn} with d1 < · · · < dn and the
variables as X = {x1, . . . , xk} with x1 ≺ · · · ≺ xk. Given a value d ∈ D, we denote by rank(d) the
number of elements of D that are smaller or equal to d. The combination of both the orders on
the domain and the variables induces a lexicographical order ≺lex on DX . This order is defined as
τ ≺lex κ for two tuples τ and κ if there exists x ∈ X such that for every y ≺ x, τ(y) = κ(y) and
τ(x) < κ(x).

Given a logical formula F over the variables X and domain D of a relation R ⊆ DX , we denote
by σF (R) the subset of R where F is true.

I Example 1.23
Suppose that we want to represent students. In this simplified model, a tuple representing a
student will have an arity of 3. In the named perspective, we can say that a student has a
name, is enrolled in a year, and has a major. If we were to represent this as a relation, we
could define a variable set X = {name, year,major}.

In this case, we consider the domain to be infinite, so it covers all the possible names, years
and majors.

A tuple could then be:

in the unnamed perspective

τ = 〈Alice, 3, CS〉

in the named perspective

τ = 〈name← Alice,
year← 3,

major← CS〉

The arity of this tuple is 3. Consider a restriction of τ over a subset S:
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S = {2, 3}
τ|S = 〈3, CS〉

S = {year, major}
τ|S = 〈year← 3,major← CS〉.

A Students relation could be represented in the unnamed perspective as:

Students = {〈Alice, 3, CS〉
〈Bob, 2, CS〉
〈Corentin, 3, Maths〉
〈Daphne, 1, Physics〉}

In the named perspective, this could be naturally translated in a similar way as above.
However, it is often clearer to use a table representation in this context. We could therefore
translate to:

Students name year major
Alice 3 CS
Bob 2 CS
Corentin 3 Maths
Daphne 1 Physics

Here, while the domain for the student names was assumed to be all possible names up to 8 let-
ters, the active domain for this variable in this relation is simply the set {Alice, Bob, Corentin, Daphne}.
The size of the relation is #Students = 4. We can also filter the relation according to the
value of some variables. For instance:

σyear62(Students) name year major
Bob 2 CS
Daphne 1 Physics

Let’s add a new relation in the mix. Suppose that we have a Rooms relation over variables
{major, room} like this:

Rooms major room
CS 104
Maths 206
French 704

The tuple τ we defined earlier to represent a student is compatible with the tuple κ =
〈CS, 104〉 ∈ Rooms, but no other tuple representing a room, since no other tuple has [major←
CS]. Notice however that κ is also compatible with another tuple from Students: 〈Bob, 2, CS〉.
This means we can join the tuples. We then have τ ./ κ = 〈Alice, 3, CS, 104〉. We could also
join both the relations. This would return:
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Students ./ Rooms name year major room
Alice 3 CS 104
Bob 2 CS 104
Corentin 3 Maths 206

Notice that the tuple representing the student named Daphne is not present in the join.
This is because this tuple is not compatible with any tuple in the Rooms relation.

Remark: Note that the restriction operation is the equivalent of selecting specific fields in
the SELECT operation, with no restriction being the equivalent of SELECT *. The filtering
operation is the equivalent of adding a WHERE clause.

Databases. The elements we represent with tuples, grouped in relations, can be seen as data.
Informally, we can define a database as a collection of data, but we will formalise this notion.

Consider a set of relation names Rel. In the unnamed perspective, a database schema is a
partial function S : Rel → N such that the number of elements on which S is defined is finite.
The function S maps (a finite number of) relation names to their arity (i.e. the arity of the
tuples they contain). A database instance for a schema S whose domain is dom(S) is a function
I : R ∈ dom(S)→ P(DS(R)), where D is a fixed, possibly infinite, set of constants. The function I
maps relation names to sets of tuples of the corresponding arity. A database D is a pair composed
of a schema and an instance.

In the named perspective, the database schema S is a function that maps (a finite number of)
relation names to sets of attributes (the variables), that is S : Rel→ P(X). A database instance
I for a schema S over a set of variables X is then defined as a collection of relations Ri ∈ Rel,
each over a subset of variables Xi ⊆ X. That is, I : R ∈ dom(S)→ P(DS(R)). The relations in
a database may share some of their attributes. Similarly to the unnamed perspective, in the
named perspective, databases are pairs composed with a schema and an instance. However, in
practice, as schemas can easily be inferred from instances, we will abuse notations and consider
databases as the set of named relations instances we have described. Formally, the database from
PEN Example 1.23 would consist in a schema:

S :

{
Students → {name, year,major}
Rooms → {major, room}

and an instance composed of the tuples present in the example. However this is heavy, and thus
we prefer writing that the database D is simply the set {Students, Rooms}. In that example, you
may note that major is a variable overlapping both relations.

In a similar way as for relations, for a tuple τ , we denote by D[τ ] the restriction of all relations
in the database to the set of tuples compatible with τ . As an abuse of notation, when the database
is clear from the context, we will directly use the name of the relation to refer to the set of tuples
contained in the database instance. In particular, for a relation R ∈ D, we will write τ ∈ R to
signify that τ is an element of the instance of the relation in the database. We will also use R[τ ]
to denote the subset of tuples in R that are compatible with τ .

1.3.2 Queries
Tuples, relations and databases contain information. Traditionally, there is a separation of
concerns in databases, between the querying of the data and the way it is actually represented in
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memory. This has led to logical querying mechanisms, where, in place of having an algorithm
that crawls through the whole database to extract the information, we describe the data we need.
This brings logical queries at the heart of data retrieval. In this section, we define the standard
notions behind queries.

Consider a set of variables X. An atom is an expression of the form R(x), where R is a relation
symbol and x is a subset of variables in X. A join query Q is a join of multiple atoms, represented
as an expression Q(xh) : - R1(x1), . . . , Rm(xm), where xh =

⋃
i xi represents the output variables

of Q. Note that the variables of the relations might overlap.
Queries implicitly declare part of the schema of the databases on which they can be used.

As they use variable names, these databases should be defined in the named perspective. In
particular, the query Q can be used on a database D with schema S that verifies for every i ∈ [m],
S(Ri) = xi. Formally, we defined a database instance D as an assignation to each relation symbol
R of a finite relation RD. Throughout this manuscript, when the database is fixed or clear from
the context, we abuse notation and simply write R for RD.

In the following definitions, we will assume databases are defined under the named perspective.
From this point, we will also alleviate the notations a little by omitting the set notation for the
variables of the atoms of the query.

In this thesis, we will mostly consider self-join free queries, that is, queries in which any
relational symbol can appear only once. We denote the set of variables of a query Q by vars(Q)
and the set of atoms by atoms(Q). The size of a query is defined as

∑m
i=1 |xm|.

We define the output of a query Q, also called the answers of Q, over a database D, denoted
by ansD(Q) to be the set of tuples τ over vars(Q) whose projections belong to the instances of
the relations in the database. Formally, ansD(Q) = {τ ∈ Dvars(Q) | ∀R(x) ∈ atoms(Q). τ|x ∈ R}.
The output of a query can then be seen as a named relation.

In many cases, we will need to refer to tuples that only assign a subset of the variables of the
query. While some of these tuples may be extended to form answers to the query, some may not.
For a tuple τ defined on a subset Y ⊆ vars(Q) to be extendable, a necessary condition is that, for
all R(x) ∈ atoms(Q), R[τ ] is not empty. In this case, we say that τ is consistent with Q and D.
When the database is clear from context, we may abuse slightly the notation and simply write
that τ is consistent with Q. If a tuple does not meet this criterion, then it is inconsistent with Q
and D.

Conjunctive queries (often abbreviated CQs) are queries that are built from a join query and
projecting some of the variables. They usually have the form: Q(xh) : - ∃y, R1(x1), . . . , Rm(xm).
The variables xh are the free variables of the query. They form the head of Q. A conjunctive
query is said to be full if all of its variables are contained in the head. A full conjunctive query is
equivalent to a join query as defined above. A Boolean query is a conjunctive query where all the
variables in the query have been projected out. Boolean queries are used when one simply wants
to check for the existence of tuples compatible with the query.

In SQL, conjunctive queries correspond to SELECT ... FROM ... WHERE queries, where the
WHERE clause only contains conditions built with the = operator, combined with and.

I Example 1.24 (Conjunctive Query)
Consider the database D = {Students, Rooms} from PEN Example 1.23 . The following conjunc-
tive query Q over D:

Q(name, year, major, room) : - Students(name, year, major), Rooms(major, room)
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is equivalent to the following SQL query:

SELECT s.name, s.year, s.major, r.room
FROM Students as s, Rooms as r
WHERE s.major = r.major

and will return the following tuples:

Q name year major room
Alice 3 CS 104
Bob 2 CS 104
Corentin 3 Maths 206

In this example, no variable is existentially quantified.

Comparing the complexity of two queries is not trivial, even over a same database. In order
to achieve this, a common reference is to look at the query hypergraph. This is a hypergraph
constructed from the query, where the vertices are the variables and the edges are the relations.
An example of such a hypergraph is presented in PEN Example 1.25 . We can then use measures
over these hypergraphs to compare queries. For instance, a well-studied class of conjunctive
queries consists of acyclic conjunctive queries. A conjunctive query Q is said to be acyclic if its
hypergraph H(Q) is α-acyclic. Using the hypergraph of a query will allow us to use some measures
from hypergraphs to compare queries. For instance, the fractional cover number quantifies the
minimum total weight with which atoms must be combined to ensure that every variable is
covered, when atoms may contribute fractionally to the cover.

I Example 1.25 (Query Hypergraph)

From the query of PEN Example 1.24 , we can build the following
hypergraph.

The blue hyperedge represents the Students relation and the
simple edge represents the Rooms relation.

name year

major room

Going further with queries. In practice, conjunctive queries often appear with additional
features beyond basic logical conjunction. Two common extensions are aggregation and functional
dependencies. These extensions increase the expressive power of queries and, in many cases, alter
the algorithmic complexity of their evaluation. We defer the introduction and formal treatment
of these notions to later chapters where necessary.

1.3.3 Complexity Analysis in Query Evaluation
In database theory, computational complexity is often used to classify the difficulty of evaluating
a query on a database. However, unlike standard algorithmic settings where the input is a single
string or structure, a query evaluation problem involves two inputs: the query and the database.
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This leads to a natural distinction between two perspectives on complexity: data complexity and
combined complexity.

Data complexity. The data complexity of a query problem considers the query as fixed and
measures complexity only as a function of the database size. This reflects the typical setting
in database systems, where a small number of queries are executed repeatedly over large and
evolving datasets. For instance, evaluating a fixed Boolean conjunctive query over a relational
database can be done in logarithmic space in the size of the database [Var82]. As such, data
complexity is often used to identify tractable cases relevant for query optimisation.

Combined complexity. The combined complexity of a query problem treats both the query and
the database as part of the input. This models scenarios where queries themselves can be large
or dynamically generated. For example, checking whether a general (non-fixed) conjunctive query
has a non-empty answer is NP-complete [CM77]. This reflects the fact that query evaluation
subsumes constraint satisfaction problems (CSP), which are known to be computationally hard
in general.

These two notions reflect different goals: data complexity is appropriate when studying the
performance of a system with a fixed workload over varying data, while combined complexity
captures the general difficulty of query evaluation in its full generality. Understanding the gap
between the two is key to identifying structural restrictions that guarantee tractability.
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Chapter 2

The Landscape of Join Query Answering: A Survey

All life is problem solving.

Karl Popper

Efficient query answering over large datasets is a central concern in database theory and practice.
Multiple problems have emerged in this domain, from retrieving the full set of answers to a query
to more finer algorithmic tasks such as counting the answers, directly accessing a specific answer
or uniformly sampling from the answer set. These tasks are particularly challenging when the
answer set is large, rendering its full materialisation impractical or infeasible. Therefore, research
has focused on designing representations and algorithms that enable efficient access to the answer
set under structural restrictions with respect to the query or the database.

The aim of this chapter is to provide to the reader a comprehensive background on the
fundamental problems we consider and the current state of the art. We will formalise these
problems and review known tractability results under various assumptions about the query and
the database it is being evaluated against. We start by introducing the more general problem of
query evaluation, which aims at retrieving the full answer set of a query over a given database.
We then introduce more specific problems that will be a central part of this manuscript, such as
direct access and uniform sampling.
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2.1 Boolean Query Evaluation
A natural way to think about queries is as questions directed to a reference source, or database,
that holds the relevant information across one or more relations. The simplest of these questions
are those that expect a binary answer: yes or no. At first glance, this kind of question may
appear straightforward. However, verifying the answer may require checking many combinations
of values across several relations. The query may be syntactically simple, but the underlying
computation may be costly. In fact, this problem, known as Boolean query evaluation problem,
is computationally hard in general. The hardness of these tasks, even for queries that appear
structurally simple, motivates the study of which queries admit tractable evaluation and under
which assumptions.

In PEN Example 2.1 , we introduce a toy example of this problem.

I Example 2.1
Consider a reference source for a university. This database consists of the two following
relations:

Enrolled(student, lecture): indicating which student is enrolled in which lecture; and
Teaches(teacher, lecture): indicating which teacher is responsible for which lecture.

And suppose we are given the following database instance D:

Enrolled student lecture
Alice CS101
Alice CS102
Bob CS102
Bob CS103
Corentin CS103
David CS101

Teaches teacher lecture
Dr. Turing CS101
Pr. Lovelace CS102
Dr. Strange CS103

One could imagine multiple different questions to be asked over this simple database, but
one of the easiest could be: “Is there a student enrolled in a class taught by Pr. Lovelace?”.
This can be represented by the following query:

Q : - Enrolled(x, y), Teaches(Pr. Lovelace, y)

Note that, in this case, the head of the query is empty, since nothing other than true or
false is expected to be returned. The true value would be represented by the set containing
only the empty tuple: {〈〉}, and the false value would be an empty set. In our case, the
answer would be true, since Alice is a student enrolled in CS102 taught by Pr. Lovelace.

We can formalise the problem definition as follows:

I Definition 2.2 (Boolean Query Evaluation)



2.2. Query Evaluation 35

Let Q be a join query over a relational schema, and let D be a database instance over the same
schema. The Boolean query evaluation problem asks whether ansD(Q) is empty or not.

Solving this problem is not trivial. In fact, the complexity of the model checking problem has
been shown by Chandra and Merlin to be NP-complete in the combined complexity setting for
conjunctive queries [CM77].

I Theorem 2.3 (Complexity of model checking [CM77])
Given a conjunctive query Q and a database instance D, the problem of checking if there exists
a tuple τ ∈ D such that τ is an answer to Q is NP-complete.

Proof. We can solve the problem by using a non-deterministic algorithm to guess a tuple τ . We
can then check if this tuple satisfies all the atoms of Q, that is, for each atom R(x1, . . . , xn) ∈ Q,
whether R(τ(x1), . . . , τ(xn)) ∈ D. The number of atoms is linear in the size of Q and checking
the existence of the tuple can be done in polynomial time (or even linear or constant if the
database is indexed). Since the size of the tuple certificate is polynomial in the size of the query
and the verification is possible in polynomial time, the model checking problem is in NP.

To show the NP-hardness of model checking, we can reduce from the 3-colourability problem,
which we recall is the problem of, given a graph G = (V,E), decide if we can colour the nodes
of G with 3 colours such that no two adjacent nodes have the same colour. The reduction is as
follows. Start by constructing a database with a single binary relation defined as:

C(c1, c2) = {〈c1 ← 1, c2 ← 2〉, 〈c1 ← 1, c2 ← 3〉, 〈c1 ← 2, c2 ← 1〉,
〈c1 ← 2, c2 ← 3〉, 〈c1 ← 3, c2 ← 1〉, 〈c1 ← 3, c2 ← 2〉}

That is, every valid combination of colours between two nodes. We use a variable xv for every
node v ∈ V . The query is then the join, over all the edges {u, v} from the graph, of relation C
applied to the extremities of the edges C(xu, xv).

This construction can be done in polynomial time as the database is constant and since we
use one atom per edge of G, we can build the query in linear time. If there is an answer to Q,
then there exists a 3-colouring of G, since no fact in D allows for two adjacent nodes to be of
the same colour. It can also be shown that, if a graph G defined in this way is 3-colourable,
then the related query Q is satisfiable. The 3-colourability problem is known to be NP-hard,
and since we have shown that model checking is in NP, it is NP-complete. �

The problem of Boolean query evaluation is a good starting point, but more general problems
exist, as we will detail in the rest of this chapter.

2.2 Query Evaluation
A natural extension of Boolean query evaluation is to move from asking if there is an answer to
retrieving all of the answers to a query.

We will present two main directions aimed at evaluating the full answer set, both based on
different metrics of efficiency. The first is centered around the total time taken to return all the
answers, the second is based around a notion of delay between the output of two consecutive
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answers. Both have their importance, in the literature and in the contributions presented in this
thesis.

We start by introducing the former direction, usually referred to simply as “query evaluation”.

I Example 2.4
Consider once again the database instance from PEN Example 2.1 , another question we could ask
is: “Who are the students enrolled in a class taught by Dr. Strange?”. In this case, it would be
modelled by a query such as:

Q(x, y) : - Enrolled(x, y), Teaches(Dr. Strange, y)

Here, we are no longer expecting a set containing the empty tuple, but a set of tuples over
names and classes. In our case, the answer would be:

ansD(Q) = {〈student← Bob, lecture← CS103〉, 〈student← Corentin, lecture← CS103〉}

since both Bob and Corentin are enrolled in CS103, taught by Dr. Strange.

Formally, we can define the query evaluation problem as follows:

I Definition 2.5 (Query Evaluation)
Given a join query Q(x) over a relational schema and a database instance D over the same
schema, the query evaluation problem consists in computing and returning the full answer set
ansD(Q).

The complexity of the query evaluation problem follows from the complexity of the Boolean
case: finding one of the answer tuples would result in solving the Boolean version.

However, in the data complexity setting, where we consider the query to be fixed and only
the database to be variable, query evaluation becomes much more tractable. As shown by Vardi,
the problem lies in LogSpace, that is the class of problems that can be decided using O(log(n))
space, where n is the size of the input [Var82]. This discrepancy between the combined and data
complexities has motivated the search for restricted fragments of queries that are tractable under
combined complexity. It has also led to efforts to characterise the dependency to the size of
the data. Indeed, especially in real-world applications where it quickly becomes very large, the
dominant complexity factor is the size of the data. While we could have an exponential coefficient,
we would be happy to have a complexity measure that is linear in the size of the data as opposed
to an expression of the form |D|k.

An important part of the complexity of a query evaluation algorithm is the sizes of the input
(essentially the database) and the output (the answer set). The complexity will always be at
least linear in the output size, since we have to return all of the answers. However, this has
led to two major lines of research. The first has focused on building evaluation algorithms that
are guaranteed to run in time linear in the worst possible output size, while the second aims to
understand the dependency to structural properties of the queries and databases.
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2.2.1 Worst-Case Optimal Joins
Algorithms devised to solve query evaluation problems are commonly called join algorithms.
Classically, join algorithms rely on building a query plan and computing intermediary joins in
order to construct the full answer set. This can be expensive however due to the cost of computing
these intermediary joins. It is moreover crucial to be able to correctly estimate the size of a join
result, as it is used to choose the best query plan. Atserias, Grohe, and Marx have shown that
there exists a tight bound on the number of possible answers for a full conjunctive query [AGM13;
GM14]. This bound is based on the size of the input relations, and is extensively used in the
literature to characterise the complexity of join algorithms.

I Example 2.6 (Bounds on the output size)
To explain the idea behind the bound, let’s consider a simple query:

Q∆ : - R(x, y), S(y, z), T(x, z)

(see PEN Example 1.11 for a representation of the query graph).

We will also consider that the relation sizes are the same, that is: |R| = |S| = |T| = N , with
N ∈ N.
Our objective here is to find a bound on |ansD(Q)| for a database instance D. More simply, we
want to know if we can estimate the maximum number of answers that we would get for this
query over a given database.

A trivial bound on the number of answers of this query would be N3, as it would be the
Cartesian product of the considered relations. However, by joining simply two of the relations,
such as R ./ S (there is no loss of generality here, we could also consider S ./ T or R ./ T),
we notice that we obtain a superset of ansD(Q), since we already cover all of the variables.
Indeed, R ./ S already contains all the tuples τ over variables (x, y, z) where τ|{x,y} ∈ R and
τ|{y,z} ∈ S, and any tuple in ansD(Q) must appear in this intermediate result, therefore it is a
superset of the answer set of the full join. Since any such pairwise join contains at most N2

elements, then a better bound of |ansD(Q)| is N2.
However, by generalising this notion of covering the variables to a fractional cover of the

query hypergraph, Atserias, Grohe, and Marx showed that, in this case, we can more tightly
bound the size of ansD(Q) by N1.5.

More formally, this bound, that is known as the AGM bound, can be defined as:

I Definition 2.7 (AGM bound ([AGM13; GM14]))
Given a query Q whose hypergraph is H, if we consider the set of weigths Λ = {λe | e ∈ H}
computed from a fractional edge cover of H, then we have:

| ./e∈H Re| 6
∏
e∈H

Nλe
e

where the Re are the relations of the query Q and where, for each Re, Ne is a bound on the
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size of the relation.

This bound has also been shown to be both tight and optimal [AGM13].

We know from Chandra and Merlin [CM77] that we cannot have a join algorithm that is linear
in the size of the output in the general case. These results on bounding the size of the answer set
of a query have therefore led to a different approach in the design of join algorithms, that takes
into account not just the shape of the query, but the relationship between the input and output
sizes. This recent line of research is focused on worst-case optimal join, and are linked to the
worst-case, that is the size of the largest possible output of a query over any of the considered
databases.

I Definition 2.8 (Worst-Case)
Let Q be a query and C be a class of databases for Q that share the same relations and
properties. We define the worst-case of C, denoted wc(Q, C) as the size of the largest answer
set possible for Q with any D ∈ C.

More formally,
wc(Q, C) = supD∈C |ansD(Q)| .

A few examples of worst-case values are presented in PEN Example 2.9 . An algorithm is said to
be a worst-case optimal join ( WCOJ for short) for (Q, C) if it outputs the answer set ansD(Q) in
time Õ(wc(Q, C) · f(Q)), where f(Q) is a polynomial, independent of C. This polynomial depends
only on parameters from the structure of the query (the variables and atoms) and not from the
database (such as the size of the relations). Of course, for this definition to make sense, the
worst-case of the considered class must be finite.

This line of work was initiated by Ngo, Porat, Ré, and Rudra [Ngo+12] with an algorithm
known as the NPRR join. In their work, they prove that the NPRR join has a running time
matching the AGM bound, which is the shown to be optimal when the databases are defined with
restrictions on the sizes of the relations. Chapter 3 goes into more details around these notions.
Their work was later expanded upon and refined by algorithms such as Leapfrog Triejoin [Vel14]
and GenericJoin [Ngo18].

The latter also exploits the key idea that, rather than evaluating joins pairwise in a fixed
query plan, they explore the space of valid assignments one attribute at a time, following a fixed
variable ordering. At each level, they efficiently intersect the sets of possible values across all
relevant relations, pruning infeasible combinations early. The search is naturally guided by the
query structure, not by fixed join orderings.

I Example 2.9 (Some examples of worst-case)
Here, we will consider the class of databases where all relations have a size bounded by some
integer N . To avoid overcharging the notation at this point, we will denote the worst-case
values as wc(·, N) and will not show the query variables.
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Query Expression Worst-Case
Cartesian product Q2 : - R(x), S(y) wc(Q2, N) = N2

Qk : - R1(x1), . . . , Rk(xk) wc(Qk, N) = Nk

Square Query Q� : - R(x, y), S(y, z), T(z, t), U(t, x) wc(Q�, N) = N2

Triangle Query Q∆ : - R(x, y), S(y, z), T(z, x) wc(Q∆, N) = N1.5

k-cycle Qck : - R1(x1, x2), R2(x2, x3), . . . , Rk(xk, x1) wc(Qck , N) = Nk/2

Some of these worst-case values may seem counter-intuitive, such as the value for the square
or triangle queries. The idea is, that in the case where the relations all have a size bounded by
N , the worst-case can be shown to be the AGM bound, and therefore the power is equal to the
fractional edge cover of the query hypergraph.

WCOJ algorithms have multiple benefits over other approaches. For instance, they handle
cyclic queries efficiently and guarantee a runtime no worse than the worst possible output size.
Moreover, they are decomposition free, no join tree or query plan is required, simply an order
with which to evaluate the variables. They have also been used in modern database join engines,
such as LogicBlox, that uses Leapfrog Triejoin.

Chapter 3 goes more into detail around worst-case optimal joins and presents one of the
main contributions of this thesis: a novel branching algorithm, similar in spirit to both Leapfrog
Triejoin and Generic Join, but with a simpler complexity analysis.

2.2.2 Answer Enumeration
In practical applications, it is often useful to iterate over the answers of a query. Imagine for
instance we are still in the context of Examples 2.1 and 2.4. Suppose we need to retrieve all
the student records from the university database. For each student, we then have to send a
notification based on their courses or their performance. In this case, materialising the full
answer set in memory before iterating can be both prohibitive, especially when the number of
answers is very large, and unnecessary. This is common in data-intensive applications, where the
number of possible output tuples can far exceed the size of the input data. Modern systems often
mitigate this using streaming techniques or cursor-based evaluation, where answers are produced
and consumed incrementally. This is the aim of the second approach we mentioned earlier. In
this case, we are no longer considering algorithms that run in time linear to the worst possible
case, but we aim to build algorithms that are able to incrementally output tuples a specific
way. Here, the focus is essentially on setting guarantees on the delay between two consecutive
answers. The goal of enumeration algorithms is to support an incremental behaviour efficiently:
after a preprocessing phase, answers should be produced one by one, without repetition, and
with a low delay between successive outputs. This avoids materialising the entire answer set and
allows each answer to be processed as necessary. These problems are usually split into two parts:
the first phase involves designing a datastructure from the query and the database that allows
for a more efficient enumeration. This structure could for instance take the form of a different
data representation or be an index of information helping the eunmeration. The second phase is
devoted to the actual enumeration of the answers, ideally with strong guarantees on the delay
between the output of consecutive answers.

Because one has to at least read the input data, the preprocessing cannot be less than linear
in the size of the data. This leads to an ideal complexity target of linear-time preprocessing in
the size of the database |D| and a constant delay between each output tuple, independant from
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the size of the database. In some settings, it can also be interesting to enumerate the answers in
a given order (such as the lexicographical order), which may however increase the cost of either
phase.

I Example 2.10
Let us consider the following query over the database instance from PEN Example 2.1 .

Q(x, y, z) : - Enrolled(x, y), Teaches(z, y)

This query retrieves all tuples (x, y, z) such that student x is enrolled in lecture y, taught
by teacher z.

Now consider two preprocessing possibilities:

ansD(Q) student lecture teacher
Alice CS101 Dr. Turing
Alice CS102 Pr. Lovelace
Bob CS102 Pr. Lovelace
Bob CS103 Dr. Strange
Corentin CS103 Dr. Strange
David CS101 Dr. Turing

10

CS101 CS102 CS103

Dr. Turing Pr. Lovelace Dr. Strange

Alice Bob CorentinDavid

On the left, we have a naive table preprocessing. Building this table takes time linear in the size
of the answer set, but guarantees constant delay output on the answers. By reorganising this
by shared prefixes, we can build the structure on the right in time O(#Enrolled + #Teaches).
Here, outputting an answer consists simply in following a path from the root of the tree to a
leaf. This can be done with a constant delay, which will be the time needed to go down the
tree.

We can define the enumeration problem more formally as follows:

I Definition 2.11 (Enumeration Problem)
Given a query Q and a database instance D, the enumeration problem consists in designing an
algorithm that, after a preprocessing phase, outputs one by one, without repetition, each tuple
in the answer set ansD(Q).

The complexity of the enumeration problem is usually defined in terms of both the complexity
of the preprocessing phase and of a bound on the delay between the output of two answers.

I Example 2.12 (Complexity of Enumeration)
Consider the following time log of an execution of enumeration with the table preprocessing
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from PEN Example 2.10 :

time (a.u.)0 𝑡𝑝 𝑡𝜏1 𝑡𝜏2 𝑡𝜏𝑘

…

𝛿 𝛿 𝛿

In this illustration, the first rectangle (filled with blue coloured diagonal lines) represents the
preprocessing phase. The rectangles filled with red coloured (inverted) diagonal lines represent
the delays between outputs.
At time tp, the preprocessing has finished and the enumeration can start. At time tτi , the ith

tuple is outputted.

In this example, the delay between the output of two tuples is a constant δ. We would therefore
describe this algorithm as having a preprocessing time of tp and a constant delay of δ.

Enumeration algorithm often focus on structural restrictions on the shape of the query. These
approaches are often based on associating to each conjunctive query a hypergraph representing
the variable co-occurences in its atoms, and then using measures over this hypergraph to restrict
the possible queries.

The seminal result in this area is due to Yannakakis, who introduced the notion of acyclic
queries1 and showed that Boolean query evaluation becomes tractable for this fragment of
queries [Yan81]. In this case, evaluation can be performed in linear time with respect to the size
of the database and polynomial in the number of variables and relations, using a bottom-up
dynamic programming approach on a join tree of the query.

In his seminal paper, Yannakakis presented an algorithm for full acyclic conjunctive queries
that takes advantage of the structure of the query rather than simply the size of the data [Yan81].
The main idea is that, if the query is acyclic, then we can arrange the variables in a join tree.
Each node then corresponds to an atom and shared variables as connected. Then, the algorithm
works in two phases. In the first phase, the idea is to work bottom-up, that is, from the leaves to
the root, and operate a semijoin reduction. Each relation is filtered by only keeping the tuples
that are needed by its parent in the tree. This avoids keeping track of unused tuples and allows
removing dead branches in the join tree early if needed. Finally, the second phase consists in
constructing the join, this time top-down, from the root of the join tree to the leaves. Since the
data has already been filtered, we can now combine the tuples in a consistent way efficiently and
without generating redundant tuples.

I Example 2.13 (Yannakakis’ algorithm)

1formally, Yannakakis introduces acyclic database schemes, but all further notions of acyclicity for queries
directly derive from this concept.
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Consider the following query:

Q(x, y, z, t, u, v) : - R(x, y, z), S(x, y, t), T(x, z, u), U(y, t), V(u, v)

We can build a join tree and load the data from the database
inside, such as in the figure on the right.
The first phase consists in filtering out the tuples. We work from
the leaves up, the point being to remove all the tuples that cannot
be extended to a solution below. In our case, the coloured tuples
cannot be extended and are therefore not useful in the full join.
Note that the leaves are not filtered, and redundant tuples can
still exist in these relations. However, the tuples in the root can
now all be extended to full solutions.
The second phase then consists in constructing the answer set
by extending the tuples from the root down to the leaves. For
instance, we could build the following tuple:

〈x← 1, y ← 1, z ← 1, t← 0, u← 0, v ← 0〉

which is in the answer set.

𝑥 𝑦 𝑧

1 1 1
2 0 0
2 1 0

𝑥 𝑦 𝑡

1 1 0
2 1 2
3 0 1

𝑥 𝑧 𝑢

1 0 0
1 1 0
2 0 1

𝑦 𝑡

0 1
1 0
1 2

𝑦 𝑣

1 0
1 1

Given a query Q and a database D, this algorithm runs in time O(|Q| · (|D|+ |ansD(Q)|)). In
data complexity, where we consider the query to be a constant, it is therefore asymptotically the
same as reading the input (the database) and writing the output (the answers).

This has been a starting point for the study of the complexity of answering conjunctive queries
as the subclass of acyclic queries was shown to be tractable for query evaluation. Since the notion
of acyclic queries is very restrictive, many efforts have been subsequently made in order to find
lighter restrictions on the queries that still lead to tractable conjunctive evaluation. Several
different query classes have been introduced based on width measures over the query hypergraph,
notably treewidth, hypertree width, fractional hypertree width or query-width [CR00; FFG01;
GLS02; GSS01; KV00; Mar10]. Classes of queries built around these width restrictions have allowed
different tractability characterisations of query evaluation. A more comprehensive comparison of
the links between these measures can be found in [GR04].

These classes have been the focus of extensive research due to their algorithmic and descriptive
robustness: many natural queries fall within them and they also support efficient query evaluation
algorithms.

The Yannakakis algorithm has been widely used and twisted to answer multiple different
problems (see Sections 2.3 and 2.4 for example). However, it relies on the fact that a join tree
can be built, which restricts its use to (α-)acyclic queries.

Yannakakis’s algorithm might be optimal for acyclic queries, but it does not extend efficiently
to the general case. As soon as the query contains cycles, the intermediate joins can grow in
size, even when the final result set is small. A detailed example of this scenario is presented in
Chapter 3 (see PEN Example 3.1 ).

When we consider conjunctive queries, the problem is more complicated. This is due to the
fact that, by forgetting some of the variables (that is, projecting them), some answer tuples
become equal. Because we cannot return the same tuple more than once, additional guards have
to be placed in the algorithms. In this case, some subclasses have been shown to support efficent
enumeration. Consider for instance the fragment of free-connex acyclic conjunctive queries, that
is, acyclic conjunctive queries for which there exists in the query hypergraph a connex subset
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of edges whose union is equal to the set of the free variables. This fragment has been shown to
accept algorithms with linear preprocessing time and constant delay enumeration [BDG07; Bag09;
Bra13]. Bagan, Durand, and Grandjean have also shown that self-join free conjunctive queries
that are not free-connex cannot be enumerated with these guarantees [BDG07].

If we relax the constraints on the preprocessing time, that is, we no longer require linear
time preprocessing, then more query classes have been shown to be tractable with constant delay
enumeration. For instance, it has been shown that it is possible for conjunctive queries of bounded
free-connex fractional hypertree width [GLS00; OZ15].

While we will not go into more details about enumeration algorithms as they are not at the
centre of this thesis, the interested reader may find a more comprehensive state of the art of the
progress in model enumeration in a survey by Berkholz, Gerhardt, and Schweikardt [BGS20].

2.3 Counting the Answers of a Query

Once we know how to check whether a query admits at least one solution over a database and
how to retrieve the answer set, a natural extension is to be able to efficiently know how many such
solutions exist. This is the goal of the counting problem. A practical example over the sample
database provided in PEN Example 2.1 could be answering a question such as: “How many students
are enrolled in a lecture given by Dr. Turing?”. This boils down to counting the number of tuples
in the database that satisfy the query. While this may appear to merely be a modest step beyond
evaluation, the complexity of this problem is significantly higher, as it requires identifying and
counting all satisfying valuations, not just verifying the existence of one.

Formally, we can define the problem as such:

I Definition 2.14 (Counting problem)
Given a query Q over a relational schema and a database instance D over the same schema,
the counting problem consists of returning |ansD(Q)|, that is, the size of the answer set of Q
over D.

The counting problem for conjunctive queries is the task of computing the number of answers
of the query. This problem can therefore be seen as the counting analogue of the decision problem
of query evaluation, and as such, is a typical #P problem. In fact, this problem has been shown
to be #P-complete [Val79; Bau+05], and this even in the case of full conjunctive queries. As
such, it is generally intractable in combined complexity, and this remains true even for queries
where the evaluation is tractable. In particular, many acyclic conjunctive queries admit efficient
evalution, but not efficient counting.

Therefore, finer structural decompositions of the query have once again played a central role in
characterising tractable instances of model counting. Unlike evaluation, where acyclicity already
suffices for linear-time algorithms, model counting however requires finer restrictions. Dalmau and
Jonsson proved that join queries with bounded treewidth have tractable counting [DJ04]. These
results were later extended by Pichler and Skritek to acyclic conjunctive queries with bounded
hypertree width [PS13].
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2.4 Direct Access
Enumeration is important for practical cases where one needs to perform some task on each
element of the answer set. In some cases however, we are only interested in performing the task
over a small number of specific answers. For instance, suppose that from the same university
database mentioned in PEN Example 2.1 , we may wish to retrieve the student ranked 500th based
on their grades. We have many different approaches possible for this. A naive solution could be
to build an array-like structure containing the ordered answers to the query, but this method
reaches its limits fast when the number of answers is large. We could also use an enumeration
algorithm to go through the first 499 students in that order, but this would result in 499 extra
answers being generated needlessly.

This motivates yet another approach that aims at using a data structure to represent the set
of answers, allowing for efficient access to a given answer, but without constructing the whole
answer set in memory. Once again, this task, known as the direct access problem, is typically
divided into two separate steps: first, a preprocessing phase where we build a structure that
allows efficient access to individual answers, followed by the access phase, where we query a given
index and retrieve the correct answer.

Moreover, one is rarely interested in accessing exactly one tuple of the answer set but is
usually interested in having a data structure allowing to solve efficiently direct access tasks for
any input k. The objective here is to obtain an algorithm for direct access tasks with polynomial
precomputation time and access time that is polylogarithmic in the size of D. Being able to fetch
a given answer solely by its index is crucial in practice: this is especially important when answers
are expensive to compute or store, or when different results need to be retrieved independently.

I Remark 2.15
Note that the direct access problem is at least as hard as the enumeration problem, since, for
an equal preprocessing time, we cannot hope for an access time smaller that the cumulated
delay. This can also be seen from the other side: if we have efficient direct access for a query
over a database, then we immediatly have enumeration by retrieving successively all answers,
starting from index 1 up to the last possible index. This also works for counting: we could use
a binary search algorithm to find the number of answers by retrieving answers ranked between
1 and 2n.

Another important factor to consider is that the answer set of a query has no inherent order:
it is defined as a set, not a sequence. However, for the direct access problem to be well defined,
specifically, for it to make sense to retrieve the kth answer, we must impose a total order on the
answers. Most results in the literature consider the lexicographic order, which is defined by fixing
an order on the variables of the query and an order on the domain values. This choice is not
arbitrary: lexicographic ordering aligns well with structural decompositions of the query, such as
variable elimination orders or tree decompositions, and enables recursive algorithms to reason
about the prefix of an answer before its suffix. Moreover, many of the tractable cases for direct
access rely on exploiting this order to navigate the answer space efficiently without materialising
it.

With these notions in mind, we can now introduce a formal definition of the direct access
problem, which captures this notion of retrieving the kth answer in the lexicographical order after
a preprocessing phase.
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I Definition 2.16 (Direct Access Problem)
Given a query Q, a database instance D over an ordered domain dom(D), and a total order ≺
over the variables of Q, the direct access problem consists in constructing a data structure such
that, after a preprocessing phase executed in time Tpreprocessing, the kth tuple of the answer set
ansD(Q) (ordered lexicographically according to ≺) can be retrieved in time Taccess, for any
valid index k 6 |ansD(Q)| and failing otherwise.

PEN Example 2.17 is a quick example of direct access tasks.

I Example 2.17
Consider the following query over the database instance defined in PEN Example 2.1 .

Q(student, lecture, teacher) : - Enrolled(student, lecture), Teaches(teacher, lecture)

Suppose that we wish to have a direct access to the answer set of this query. Let us start
by looking at a naive preprocessing strategy consisting in building the table of all the answers,
as shown below.

ansD(Q) student lecture teacher
Alice CS101 Dr. Turing
Alice CS102 Pr. Lovelace
Bob CS102 Pr. Lovelace
Bob CS103 Dr. Strange
Corentin CS103 Dr. Strange
David CS101 Dr. Turing

In this case, we can directly access any given answer by simply looking up the related index.
If we have stored the table as an array T , then the 4th answer is accessible with T [4]. Here, the
preprocessing phase takes the time needed to build all of the answers and uses O(|ansD(Q)|)
space. The access time is constant in this case, because of the properties of the table structure
we use.

One important factor however is that we have to materialise the complete answer set and
therefore spend a lot of time on preprocessing.

Trying to avoid having to explicitly materialise the full answer set has led to multiple research
directions around direct access. As with enumeration, the objective is to find query classes that
support direct access with suitable preprocessing and access times guarantees.

This problem was first been introduced by Bagan, Durand, Grandjean, and Olive [Bag+08],
and is very natural in the context of databases since it can be seen as a building block for different
problems such as counting, (randomized) enumeration [Bag+08] or uniformly sampling [Car+20;
Kep20] from the answers of a query. While this problem is known to be #P-hard with respect
to combined complexity, some query classes have an underlying structure that allows for direct
access tasks to be performed more efficiently.
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Previous work on this subject has focused on devising methods with better preprocessing time
while still offering reasonable access performance. To do this, the problem is often reduced to the
study of specific subclasses of databases or queries. Early work on direct access focused on adding
restrictions to the database. For instance, in their seminal work, Bagan, Durand, Grandjean, and
Olive present an algorithm for direct access with linear precomputation time and constant access
time, for the class of first-order logic formulas and bounded-degree databases, that is, databases in
which any domain element can only occur in a constant number of tuples [Bag+08]. Bagan later
expanded these results for queries of bounded treewidth [Bag09]. While this yields interesting
algorithms and complexity bounds, it severely limits practical applicability, since bounding the
degree of the database restricts the data, and not the query. Real-world applications, on the
other hand, often lack such uniform constraints. More recent research directions therefore aim at
query-centric restrictions such as acyclicity, treewidth bounds or compatibility measures over the
query. These structural restrictions on the query allow for preprocessing techniques to be applied
uniformly over any database instance, thus expanding practical applicability. Carmeli, Zeevi,
Berkholz, Kimelfeld, and Schweikardt proved that it can be done on acyclic conjunctive queries
with linear preprocessing time and polylogarithmic access time for well-chosen lexicographical
orders [Car+20]. This result also generalises results from Yannakakis’ seminal paper [Yan81]
establishing the tractability of model checking on acyclic conjunctive queries to the tractability of
counting the number of answers of such queries. Later, for queries whose answers are assumed to
be ordered by some lexicographical order, more precise complexity measures of the direct access
task have been established in the case of acyclic queries [Car+23] and the general case [BCM22a;
BCM25]. Eldar, Carmeli, and Kimelfeld also recently studied the complexity of direct access for
conjunctive queries with aggregation [ECK23].

2.5 Uniform Sampling

As we have seen in the previous sections, relational database joins are known to be computationally
expensive, with a cost that can grow rapidly with the size of the input, which in our case is mostly
comprised of the considered database instance. In many practical cases however, the need for
the whole join to be outputted is less important than the need for a less expensive computation.
Moreover, many real-world applications, such as machine learning or statistical analysis, can be
just as effective with random samples from the answer set.

A naive approach to sampling randomly from the answer set could consist of executing the
full join, storing it in memory and then sampling uniformly by choosing a random index and
returning the associated answer. However, this approach becomes clearly expensive with the
number of answers, since we have to materialise the whole answer set. This has led to a focus on
devising novel techniques capable of producing samples from the answer set much faster than
by executing the full join. As in the enumeration or direct access problems, this often implies a
preprocessing phase, where an intermediary structure is constructed, and an access phase, where
a random sample is produced and returned. In this case, the naive sampling approach described
is made harder by the fact that the answers are not explicitly stored. Moreover, we generally
want strong guarantees over the uniformity of the sampling: each answer must have an equal
chance to be sampled, even if some are harder to reach computationally. In the same vein as
for the direct access problem, the same structure can be used multiple times to sample multiple
answers from the answer set.

We can now formally define this problem as follows:
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I Definition 2.18 (Uniform Sampling)
Let Q be a conjunctive query over a relational schema, and let D be a database instance
over the same schema. The uniform sampling problem consists of designing an algorithm
that outputs a tuple τ ∈ ansD(Q) in time Tsample, such that each tuple in ansD(Q) has equal
probability of being returned:

∀τ ∈ ansD(Q), Pr[out = τ ] =
1

|ansD(Q)|
.

I Example 2.19
As we mentioned earlier, if we consider the same preprocessing as in PEN Example 2.17 , then
uniformly sampling from the answers of the query Q consists of two steps:

produce a uniformly random index i, with 0 6 i 6 |ansD(Q)|]; and
return T [i].

However, this implies explicitly materialising the whole answer set in the form of a table.
While this gives good complexity bounds on the access time to a random tuple and we have a
strong guarantee of uniformity, the preprocessing phase will be very expensive.

As mentioned, uniform sampling from query answers has been studied as an alternative to
full materialisation, especially in applications where representative instances are enough. While
early solutions relied on generating the full answer set and then sampling from it, this clearly
becomes intractable as the size of the answer set grows. More recent work has shown that uniform
sampling can be achieved more efficiently, under structural restrictions on the query, by producing
a intermediary structure that allows for efficient sampling without needing a full materialisation
of the answer set.

Chaudhuri, Motwani, and Narasayya initiated research around uniformly sampling from join
queries [CMN99]. They restricted the study to joins of two relations and described a structure of
size O(|D|) that allows for uniform sampling in constant time. These results were first extended
by Acharya, Gibbons, Poosala, and Ramaswamy [Ach+99] to the class of queries following a
star-schema, that is, queries that have a relation that contains a link to all other relations. The
tractability of efficient uniform sampling for join queries with a O(|D|) sized structure has later
been showed to be true for acyclic join queries, with constant-time sampling [Zha+18].

More recently, one of the research directions was to look at the worst case of the considered
queries and develop ways to uniformly sample with guarantees based on worst case values. Chen
and Yi have shown that, even for cyclic join queries, it is possible to uniformly sample in time
Õ( AGM

max(1,|ansD(Q)|) ) after a linear time preprocessing step [CY20a]. This was later extended and
confirmed in [Kim+23; DLT23], where lower bounds on the complexity of sampling uniformly
were proven.

In [WT24], Wang and Tao extended sampling to queries with acyclic degree constraints, with
the same guarantees of an expected runtime of Õ( upb

max(1,|ansD(Q)|) ). Because of the extension to
acyclic degree constraints, [WT24] uses a different bound, known as the polymatroid bound. This
bound is however always at most AGM. We will discuss these bounds in more extensive detail in
Chapter 4.
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The problem of sampling uniformly from the answer set of a query is tightly connected to the
problem of correctly estimating the size of said answer set. To avoid computing the exact number
of answers to a query, we often rely on an approximation. This line of research was pioneered by
Jerrum, Valiant, and Vazirani [JVV86]. One way to compute such an approximation is by using
randomised algorithms, to sample tuples and check whether they are answers. Recent work in
this area characterises the tractable query classes, as in [Are+21; Foc+25]. There are also links to
the direct access problem. At first, we can present this as the fact that, if we have an efficient
way of doing direct access, then we also have an efficient way of sampling random answers. This
is notably the case in recent works such as [Car+23; Car+20].

2.6 Contributions
In this manuscript, we will focus on two of the fundamental query answering tasks we have
presented in this chapter: direct access and uniform sampling. Although these tasks differ in
nature, they are linked. The results presented in this thesis show that they share an underlying
structure that can be leveraged to answer both tasks.

I Uniform Sampling. We will first address the problem of uniformly sampling from the answers
of a query. To this extent, we will present a sampling algorithm based on a tree-like structure.
This structure is the trace result of a simple worst-case optimal join algorithm, which will allow
us to recover, with a much simpler analysis, results from the literature for uniform sampling. The
results from this part are built upon from our recent paper “A Simple Algorithm for Worst Case
Optimal Join and Sampling” [CIS25].

I Direct Access. We later work on the direct access problem. The results we introduce are based
on enriching the structure we used for uniform sampling with new properties. We then present a
direct access algorithm that recovers the previous literature result. Another core contribution of
this thesis is the extension of direct access for join queries that may contain negative atoms, that
is queries where we add the possibility of asking for R and not S for instance. This builds on
another paper, [CI24; Cap+25].
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Chapter 3

Join Evaluation via Branching Algorithms

If we represent knowledge as a tree, we know that
things that are divided are yet connected.

Wendell Berry

In this chapter, we study a branching approach to join query evaluation. Our objective is to
show that a conceptually elementary algorithm suffices to achieve worst-case optimality for join
queries, provided that the input databases belong to classes defined by cardinality constraints or
by acyclic degree constraints.

The motivation for this study comes from the limitations of traditional plan-based strategies,
which may materialise large intermediate joins and therefore fail to run in time proportional
to the worst-case output size (see Section 3.1). Existing worst-case optimal join algorithms,
such as Generic Join [Ngo+12] and Leapfrog TrieJoin [Vel14], have addressed this issue in the
past. However, their analyses rely on non-trivial bounds such as the AGM bound, making them
somewhat opaque. Our approach instead isolates a simple property of query classes, that we
call prefix-closedness, which immediately entails worst-case optimality for the algorithm without
having to rely on heavy machinery.

The algorithm we present in this chapter can be viewed as a simplified form of Generic Join,
where the technical burden of sophisticated data structures is replaced by a light domain size
reduction trick. Despite this simplicity, it matches the guarantees of previous methods, while
offering a cleaner analysis and a more transparent proof of optimality. Beyond joins, the same
framework can be extended to more advanced tasks, such as uniform sampling of query answers,
which we will later develop in Chapter 4.
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3.1 Motivation: the Limitations of Classical Join Plans
In traditional query engines, a join query is executed by devising a binary join plan. This
essentially reduces to choosing an order to join the relations pairwise. While this plan-based
approach works well in many practical scenarios, it can also be suboptimal in the worst case.
The core issue is that a binary join plan may produce extremely large intermediate results that
are much bigger than the final output, incurring unnecessary costs. Indeed, in the worst case,
the runtime of a classical plan can far exceed the theoretical minimum required to produce the
answers, because the plan enumerates many combinations of tuples that do not end up in any
final answer.

One of the most emblematic examples of this problem is the triangle query, such as defined
earlier in PEN Example 2.9 .

I Example 3.1 (The worst query plan possible)
Consider three sets D1,D2 and D3 of same size |D1| = |D2| = |D3| = N . Let us define a domain
D consisting of the disjoint union of these sets, that is D = D1 ] D2 ] D3, and assume we also
have 0 /∈ D. Now let’s consider the triangle query Q∆(x, y, z) : - R(x, y),S(x, z),T(y, z), over
the following database:

R x y

0 D2

D1 0

S x z

0 D3

D1 0

T y z

0 D3

D2 0

Whatever the intermediate join we choose, it will have a large size: |R(x, y), S(x, z)| =
|R(x, y), T(y, z)| = |S(x, z), T(y, z)| > N2. Without loss of generality, consider joining R and
S. When x (the common variable in this case) is 0, it causes a Cartesian product between all
possible values of D2 and D3, which already has size N2. To these tuples, we have to add the
tuples formed as 〈x ← d, y ← 0, z ← 0〉 where d ∈ D1, leading to an intermediate join size
greater than N2. However, in the end, because none of the Di contain 0, there are no tuples in
the database compatible with the query, thus |ansD(Q∆)|.

Even in the more general setting of considering any database for Q∆, the intermediate joins
for the triangle query will all produce a set of tuples larger than the possible number of solutions.
Atserias, Grohe, and Marx established an upper bound on the maximum number of output tuples
queries like the triangle query, often called the AGM bound [AGM13]. This bound is based on the
fractional cover number of the query hypergraph. In particular, for the triangle query, the AGM
bound states that we can have at most N1.5 answers in any database where the size of the relations
is bounded by N . An ideal algorithm might run in time proportional to this worst-case output
size, however, a conventional query plan will fail to meet this bound and produce intermediate
joins asymptotically larger than the worst-case, as seen in PEN Example 3.1 .

This is a fundamental limitation of a fixed binary join order: it materialises large combinations
of tuples too early. A traditional query optimiser has no robust way to avoid this pathological case
using binary joins alone, since any join order will have a worst-case instance yielding a quadratic
blow-up. Thus, classical plans are worst-case suboptimal: their runtime can grow super-linear
in the size of the largest possible output. This shortcoming motivates the search for worst-case
optimal join algorithms that avoid unnecessary work by never materialising more tuples than
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needed to enumerate the actual results.

3.1.1 A shift in perspective
Branching algorithms fundamentally change the way we evaluate joins. Instead of following a
predetermined binary join order, a branching algorithm explores the output space of the query
directly. This is a different approach than the classical DBMS approach of building a simple query
plan and executing it. Conceptually, a join problem can be viewed as a constraint satisfaction
problem. As such, some research directions have focused on using tools and algorithms used in
constraint satisfaction problems (such as in SAT solvers) to solve joins. A branching algorithm
works by incrementally constructing answer tuples by assigning values to query variables, one
variable at a time, while ensuring that at each step the partial assignment is consistent with all
relations in the query. In other words, each intermediate step corresponds to a partial tuple (a
binding for some subset of the query’s variables). This way, combinations of tuples that would
have been formed in a binary join but do not lead to any final answer are never fully materialised.

Formally, consider a join query Q(X) : - R1(x1),R2(x2), . . . ,Rm(xm) over a set of variables
X = {x1, . . . , xn}. A branching strategy does not choose an arbitrary join order of the relations,
but instead it typically chooses an ordering ≺ of the variables x1 ≺ x2 ≺ · · · ≺ xn . The algorithm
will assign values to the variables in sequence. When setting a particular variable xj ← d, the
algorithm checks all relations that constrain xj to ensure there is at least one matching tuple
consistent with the current partial assignment. If at any point an assignment for xj cannot be
extended to some relation (because it would violate a join condition), that branch is backtracked
and abandoned immediately. By systematically exploring only the join-consistent combinations,
a branching algorithm strongly limits the risk that it enumerates a tuple that would fail to be in
the final output. Of course, in the case where a variable assignment is consistent right until the
last variable, then the algorithm still branches up to the last variable. Consequently, this allows
for a finer refinement on the bound over the total number of materialised tuples.

This has also found a place in the search for worst-case optimal join algorithms. If Ngo, Porat,
Ré, and Rudra’s work [Ngo+12] is not a branching algorithm, both Leapfrog Triejoin and Generic
Join are. Leapfrog Triejoin [Vel14] uses a trie-based index structure to perform a multi-way join
evaluation efficiently. Their approach was later generalised as the Generic Join algorithm, which
uses a recursive variable-assignment procedure guided by a variable ordering and data structures
that quickly find relevant domain values for the next variable [Ngo18]. Both these algorithms
were shown to be worst-case optimal. however, one downside of these methods such as they are
presented is that they both rely on proofs from [Ngo+12], making the optimality proof rather
complicated.

These approaches laid the groundwork for worst-case optimal join evaluation. In the next
section, we introduce a conceptually simpler algorithm which achieves the same guarantees under
standard constraints.

3.1.2 Our contribution: A Simple Worst-Case Optimal Join Algorithm
Despite the advances described above, implementing a worst-case optimal join algorithm can
be complex. Both GenericJoin and Triejoin rely on non-trivial data structures such as tries or
intersection algorithms to avoid iterating over irrelevant values. In this dissertation, we introduce
a new algorithm that achieves worst-case optimality with a conceptually simple branch-and-bound
strategy. The algorithm explicitly searches through variable assignments as described, and can
be viewed as an extremely simplified variant of GenericJoin or Triejoin. In its most naive form,
this strategy would assign query variables one by one, trying every possible domain value and
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backtracking when a conflict with some relation is detected. Naively branching on every value in a
large domain D would incur an extra factor of |D| in the running time, thus preventing worst-case
optimality. Our contribution is to eliminate this overhead by a technique of branching on values
bit-by-bit rather than value-by-value. That is, the algorithm performs a binary decomposition of
the domain and assigns bits of the value at each step. By testing partial bit assignments against
the relations, the search space is dramatically pruned: large batches of impossible values are
skipped without enumerating each value explicitly. This trick ensures that the algorithm runs
in time proportional to the output bound (up to polylogarithmic factors) even though it does
not use complex indexing structures. In essence, we retain the simplicity of a brute-force search
while guaranteeing worst-case optimal performance on join queries under the usual constraints
(bounded relation sizes or even more general degree constraints, as we later show).

The proposed algorithm, first presented in “A Simple Algorithm for Worst Case Optimal
Join and Sampling” [CIS25], not only matches the performance of prior WCOJ algorithms in
theory, but does so with a clean and modular analysis. Our approach thus demonstrates that
worst-case optimal join processing can be achieved with a very elementary procedure, bridging
the gap between theoretical optimality and practical simplicity. The remainder of this chapter
delves into the details of this algorithm, explain its analysis, and compare it with the classical
approaches and prior work on worst-case optimality.

3.2 A Branching Algorithm for Join Queries
In this section, we describe a simple branching algorithm to evaluate join queries and provide
an easy upper bound on its complexity. The algorithm can be seen as an instance of Generic
Join from [Ngo18], but it is given in an extremely simple form and its analysis is elementary.
However, in this way, the algorithm is not yet worst-case optimal. We will delay the proof that
this algorithm is also worst-case optimal to Section 3.3, concentrating this section on the core of
the algorithm and the basis of the complexity analysis.

3.2.1 The algorithm
The algorithm, whose pseudocode is given in Algorithm 3.2, is a simple recursive search: assume
a fixed order ≺ with x1 ≺ x2 ≺ · · · ≺ xn is given on variables X. We find the answers of Q over a
database instance D by setting variables sequentially according to this order, trying each possible
value in the domain. Whenever the current partial assignment is inconsistent with Q, it is not
further expanded. If every variable is assigned and the assignment is consistent with Q, then it is
output.

We can visualise the trace of a run of this algorithm as a tree where the nodes are labelled by
the variables and the edges by the domain values. A path from the root of the tree, that is the
first variable in the considered order, to a leaf gives a tuple. The leaves are labelled in a binary
fashion, indicating whether the considered tuple is a solution to the query over the database or
not.

I Example 3.3 (Joining the triangle query)
Consider the (now classical) triangle query Q∆ : - R(x, y), S(x, z), T(y, z) over the following
database instance:
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Algorithm 3.2 An algorithm to compute join queries.
1: procedure WCJ(Q,D, τ,≺)
2: input: · Q a join query,

· D a database instance for Q,
· τ a partial tuple assignment,
· ≺ an order on the variables

3: output: the answer set of Q over D
4: if D[τ ] contains an empty relation then exit . τ is inconsistent with the database
5: i← last variable assigned by τ
6: if i = |vars(Q)| then output τ . all variables assigned with no inconsistency
7: for all d ∈ dom(D) do
8: WCJ(Q,D, τ × 〈xi+1 ← d〉) . continue assigning variables

R x y

0 0
0 1
2 1

S x z

0 0
0 2
2 3

T y z

0 2
1 0
1 2

A run of Algorithm 3.2 has a trace that can be visualised as the following tree:

0 1 2 3

0 1 2,3 0 1 2,3

0 1 2 3 0 1 2 3 0 1 2 3

𝑥

𝑦 ⊥ 𝑦 ⊥

𝑧 𝑧 ⊥ ⊥ 𝑧 ⊥

⊥ ⊥ ⊤ ⊥ ⊤ ⊥ ⊤ ⊥ ⊥ ⊥ ⊥ ⊥

Here, the considered variable order is (x, y, z). In this example, the tree solutions of Q∆

over the database are represented by the three paths from the root to a leaf labelled >.

Correctness of the algorithm. We introduce two notations to describe sets of tuples in this
context. First, for a subset of variables Y ⊆ X, we denote by ansYD (Q) the set of tuples over vari-
ables Y that are still consistent with Q. That is, ansYD (Q) = {τ | τ ∈ DY , τ is consistent with Q}.
Second, for a partial assignment τ , we denote by ansD(Q, τ) the set of tuples from the answer set
of the query that are compatible with τ , ansD(Q, τ) = {σ | σ ∈ ansD(Q), σ ' τ}.
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The proof of the correctness of Algorithm 3.2 is made easier by these previous definitions. We
will now show that Algorithm 3.2 is correct, in the sense that it outputs all the answers of the
query over the database, and no extra tuple. Starting with a call WCJ(Q,D, 〈〉), every recursive
call is of the form WCJ(Q,D, τ) where τ is a tuple in DXi where Xi := {x1, . . . , xi}. We claim
that for every τ which assigns variables Xi, then WCJ(Q,D, τ) outputs τ × σ for every answer σ
of ansD(Q, τ). The proof is done by induction over i.

If i = n, then τ is output if and only if ansD(Q, τ) does not contain the empty relation, which,
by definition, means that τ is an answer of Q. Now assume i < n. If τ is inconsistent with Q
then nothing is output, this is coherent with our induction hypothesis since D[τ ] contains an
empty relation, meaning that any tuple σ such that σ|Xi

= τ is not in ansD(Q). Otherwise, by
induction, for every d ∈ D, WCJ(Q,D, τ × 〈xi+1 ← d〉) outputs τ × 〈xi+1 ← d〉 × σ for every
σ ∈ ansD(Q, τ × 〈xi+1 ← d〉), that is, for every σ ∈ ansD(Q, τ). It completes the induction, and it
directly follows that WCJ(Q,D, 〈〉) outputs ansD(Q).

Now that we have shown this algorithm to be correct, we can analyse its complexity.

3.2.2 A simple complexity analysis
In this section, we compute the complexity of Algorithm 3.2 in a simple way. Since this is a
recursive algorithm, we can proceed by first estimating the number of recursive calls and then
studying the complexity of each call.

Number of recursive calls. We claim that Algorithm 3.2 does at most (1+ |D|) ·
∑

i6n |ansXi

D (Q)|
recursive calls, where Xi is the set of variables {x1, . . . , xi}. Indeed, as stated before, every
recursive call is of the form WCJ(Q,D, τ) where τ is a tuple of DXi .

We will split the analysis in two distinct cases. In the first case, assume that τ is consistent
with Q, which means in particular that τ is in ansXi

D (Q) by definition. Hence, there are at most∑
i6n |ansXi

D (Q)| recursive calls of this type.
In the second case, assume that τ is inconsistent with Q. Since the algorithm backtracks when

finding an inconsistency, this implies that the tuple from the call that issued τ was consistent.
More formally, the recursive call with parameters (Q,D, τ) has been issued from a call of the
form (Q,D, τ ′) where τ = τ ′ × 〈xi ← d〉 for some d ∈ D. In particular, τ ′ is consistent with Q,
otherwise, such a recursive call would not have happened. Hence, τ ′ ∈ ansXi−1

D (Q) and there are
at most |D| possible τ for a given τ ′ ∈ ansXi−1

D (Q)].
Therefore, there are at most |D| ·

∑
i6n |ansXi

D (Q)]| recursive calls of this form, this in total,
(|D|+ 1)

∑
i6n |ansXi

D (Q)| recursive calls.
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Efficient implementation. Now we explain how, using a very simple data structure, one can
assume that each recursive call is executed in time Õ(m) where m is the number of atoms in
Q. By using this data structure, the explicit dependence on the size of the database will be
absorbed into the Õ(·) notation. The only non-trivial thing is to check whether D[τ ] contains
an empty relation. To do that, we may simply assume that every relation is given sorted in
lexicographical order, for the variable order x1 ≺ x2 ≺ · · · ≺ xn. Note that this could be obtained
with a preprocessing that is quasi-linear in the data (or even linear in the RAM model, but since
we ignore polylogarithmic factors, it does not matter much).

In our situation, observe that, if R is a relation of D and τ a tuple in DXi , then all tuples from
R[τ ] are consecutively stored in the table. Hence, we can represent R[τ ] by keeping two pointers
p1 and p2 on the tuples of R: one towards the first tuple and one towards the last tuple in R[τ ].
To go from the representation of R[τ ] to the representation of R[τ × 〈xi+1 ← d〉], we simply need
to find the first and last tuple between p1 and p2 where xi+1 = d. If no such tuple exist, p1 and
p2 can be undefined. This can be done via a binary search in time O(log|R|). To check whether
R[τ ] is consistent, it is enough to check that both pointers are defined, and, as a sanity check,
that p1 6 p2. Hence, each recursive join can be executed in time O(mlog|D|), that is, Õ(m).

I Example 3.4
R x y

LONG-ARROW-ALT-RIGHT 0 0
1 0
1 1
2 1 LONG-ARROW-ALT-LEFT

(a)

R x y

0 0
LONG-ARROW-ALT-RIGHT 1 0

1 1 LONG-ARROW-ALT-LEFT
2 1

(b)

R x y

0 0
1 0
1 1
2 1

(c)

In this simple example, we start in Table (a) with R and an empty tuple τ = 〈〉. The
pointers p1 (in green, pointing right) and p2 (in red, pointing left), are towards the first and
the last tuples of R[τ ].

We then suppose that the algorithm moves to τ ′ = τ × 〈x ← 1〉. What happens is then
illustrated in Table (b), where the pointers have move towards the centre of the table. Both
pointers are still defined and define a non-empty range of tuples, so R[τ ′] is not empty.

If we now consider τ ′′ = τ ′ × 〈y ← 2〉 for example, we get the situation of Table (c), where
the pointers are no longer defined. This is because there are no tuples in R that are consistent
with τ ′′ and thus, that this assignment cannot yield any answer.

Remark that a slightly more involved data structure would allow us to compute in time
O(m), that is, suppressing completely the polylogarithmic factors, by representing R as a trie as
in [Vel14].

In short, we have just proved:

I Theorem 3.5 (Complexity of Algorithm 3.2)
Given a join query Q with m atoms, x1 ≺ x2 ≺ · · · ≺ xn) an order on the variables of Q
and D a database instance for Q on domain D, WCJ(Q,D, 〈〉,≺) computes ansD(Q) in time
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Õ(m|D| ·
∑

i6n |ansXi

D (Q)|), where Xi = {x1, . . . , xi}.

3.3 Worst-Case Optimality
The complexity of Algorithm 3.2 presented in Theorem 3.5 does not meet the criteria for worst-
case optimality as we defined in Section 2.2.1, since we do not reference the worst-case (see
Definition 2.8) and we depend on the size of the domain |D|, which is not a parameter from
the query. In this section, we will expand on some techniques that allow us to show that this
algorithm is indeed worst-case optimal.

To do this, we first present two different database classes that we will reference in the rest of
this work, then show an important property of these classes: prefix-closedness. We then present
an algorithmic trick to reduce the domain size while preserving the necessary properties and move
on to prove the worst-case optimality of Algorithm 3.2.

3.3.1 Database constraints
Cardinality Constraints. In practical database management systems, cardinality constraints play
a central role: query optimisers rely on estimates of relation sizes to choose efficient execution
plans. Motivated by this practical importance, the theoretical study of worst-case optimal joins
has also considered classes of queries defined by such constraints.

Let Q be a join query, D be a database for Q with m relations and N ∈ Nm.
We say that a database D satisfies a cardinality constraint N ∈ Nm if, for every relation Ri ∈ D,

we have |Ri| 6 N(i). Let C(6 N) denote the class of all such databases. The worst-case output
size for this class is finite, since

wc(Q, C(6 N)) 6
∏
i≤m

N(i).

Where wc(Q, C) is the expression of the worst case defined in Definition 2.8, that is, the size
of the largest possible answer set possible for Q with a database D ∈ C.

A sharper and asymptotically optimal bound is given by the AGM bound [GM14; AGM13],
which characterises exactly the worst-case output size over C(6 N).

Degree constraints. Another class of join queries which received attention in the literature on
worst-case optimal joins is the class of queries defined with degree constraints. Degree constraints
were introduced by Abo Khamis, Ngo, and Suciu in order to model practical cases of using input
statistics and key constraints [ANS16; ANS17b].

Given two (possibly empty) sets of variables A ⊆ B, a degree constraint is a triplet (A,B,NB|A)

with NB|A > 0. A relation R satisfies such a constraint if, for every assignment τ ∈ DA, the
number of extensions to B is bounded by NB|A, that is:

maxτ∈DA |R[τ ]|B | 6 NB|A

Degree constraints generalise cardinality constraints (take A = ∅, B = var(R)) and functional
dependencies (a functional dependency X → y can be seen as (X,X ∪ {y}, 1)). We denote by
C(DC) the class of databases satisfying a given set of degree constraints DC. An example of how
having a functional dependency can directly influence the bound on the output size of a query is
presented in PEN Example 3.6 .
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Given a set of degree constraints DC and a query Q, we define the constraint dependency
graph GDC as the directed graph with vertex set var(Q). This graph has an edge from a to b for
every constraint (A,B,NB|A) ∈ DC and every pair (a, b) ∈ A× (B \A). If GDC is acyclic, then
we say that DC is a set of acyclic degree constraints.

Observe that it may happen that wc(Q, C(DC)) = +∞. In this thesis however, we are only
interested in classes where this does not happen. This is often enforced by assuming that for every
relation R in the databases, at least one constraint in DC is a cardinality constraint of the form
(∅, vars(R), NR) satisfied by R. In this case, as before, it is clear that wc(Q, C(DC)) 6

∏
R NR < +∞.

Here again, more precise upper bounds are known on wc(Q, C(DC)), but they will not be necessary
for the analysis of our worst case optimal join algorithm presented in Algorithm 3.2 and we
therefore delay this discussion to Chapter 4 where we will need them.

I Example 3.6 (Adding a functional dependency)
Consider the triangle query Q(x, y, z) : - R(x, y),S(x, z),T(y, z), but this time, suppose that
we have a functional dependency such that y → z, that is, fixing the value of y fixes the value
of z.

This query can be visualised as the following graph, where the arrowed edge represents the
functional dependency.

The functional dependency here implies that each value for y can
be associated with at most one value of z.
We can freely join R and T without asymptotic blow-up, since T
can only yield one value of z per value of y. This intermediate join
will therefore result in at most |R| tuples.
Finally, we can do the join with S without blow-up once again,
since it simply consists in filtering the values of R ./ T to those
consistent with S.

x

y z
R S

T

As a result of adding this functional dependency, the join output cannot exceed |R| tuples and
is therefore of size O(N). While this is still consistent with the AGM bound of O(N1.5), this
bound is no longer optimal. This shows how incorporating functional dependencies can yield
strictly better bounds than the AGM bound applied naively.

3.3.2 Prefix-closed Classes
To show that Algorithm 3.2 is worst-case optimal queries evaluated on a class C of instances,
we need to bound the complexity from Theorem 3.5 by Õ(wc(·, C)). Of course, this will not be
true for any class of instances, but it turns out that we can easily do so on classes defined by
cardinality constraints or by acyclic degree constraints. Theorem 3.5 motivates the following
definition:

I Definition 3.7 (Prefix-closed Classes)
Let C be a class of database instances for join queries over variables X. Let ≺ be an order on
the variables X with x1 ≺ x2 ≺ · · · ≺ xn.
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We say that C is prefix-closed for the variable order ≺ if, and only if, for every i 6 n and
any join query Q over variables X that can be evaluated over D ∈ C:

|ansXi

D (Q)| 6 wc(Q, C) .

We call these classes “prefix-closed” since, while the full answer size is already bounded by the
worst-case, any prefix projectino along the order ≺ is also bounded by the worst-case. At no point
does a prefix create a combinatorial explosion, we are always inside the same worst-case bound.

This definition has a strong link to Theorem 3.5, since, if C is prefix-closed for the order
≺, then computing ansD(Q) for Q and D ∈ C using Algorithm 3.2 with order ≺ will take
Õ(mn · |D| · wc(Q, C)), where D is the domain of Q.

This is formalised in the following theorem:

I Theorem 3.8
For every class C that is prefix-closed for variables X = {x1, . . . , xn} ordered by ≺, join query
Q over variables X and with m relations and for every database D ∈ C, WCJ(Q,D, 〈〉,≺)
returns ansD(Q) in time Õ(nm · |D| · wc(Q, C)).

Proof. This is a restatement of the result from Theorem 3.5. Since we are in a prefix-closed
setting, we can bound the |ansXi

D (Q)| term by wc(Q, C) for all i 6 n. Therefore, we have that∑
i6n |ansXi

D (Q)| 6 n · wc(Q, C) and the proof is complete. �

While m and n are considered constant in our setting, we cannot assume so for |D|. Hence,
Theorem 3.5 and prefix-closedness will not be enough to establish worst-case optimality of Algo-
rithm 3.2. With that said, in Section 3.3.3, we present a simple trick which allows circumventing
this issue easily.

The classes from Section 3.3.1 for which worst-case optimal algorithms are known are prefix-
closed, at least for one order on the variables. Even if cardinality constraints are less general than
degree constraints, we start by showing this property for the former as a warm-up, even if the
proof is essentially the same for the latter.

I Theorem 3.9
Let C(6 N) be the class of databases for a join query Q and satisfying a cardinality constraint
vector N. Then C(6 N) is prefix-closed for every order.

Proof. Let Q be a join query, D ∈ C(6 N), x1 ≺ x2 ≺ · · · ≺ xn be an order on X and i 6 n.
We want to show that |ansD(Q|Xi

)| 6 wc(Q, C(6 N)), that is, projecting the query to the first
i variables does not increase the worst-case output size. To do so, we construct a database
D∗ ∈ C(6 N) such that |ansD|Xi

(Q)| = |ansD∗(Q)|. Since D∗ ∈ C(6 N), we have by definition
that |ansD∗(Q)| 6 wc(Q, C(6 N)), hence |ansD|Xi

(Q)| 6 wc(Q, C(6 N)).
We now show how to build such a database. Assume that the database is built on domain

D 6= ∅ and let d ∈ D be some fixed element of D. We denote by dY ∈ DY the tuple defined as
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dY (y) = d for every y ∈ Y . Let R ∈ D|Xi
. By definition, R = Rk|Xi

for some Rk ∈ D. Hence,
|R| 6 |Rk| 6 N(k). We then define R∗k ⊆ Dvar(Rk) as R× {dvar(Rk)\Xi}, that is, we extend every
tuple from R to the original variables var(Rk) by setting every missing variable to d. This
padding ensures each projected tuple extends uniquely, so the number of answers is preserved.

Clearly, |R∗k| = |R| 6 |Rk| 6 N(k). Hence the database D∗ defined as {R∗k | R ∈ D|Xi
} is in

C(6 N). Moreover, we clearly have ansD∗(Q) = ansD|Xi
(Q)× {dX\Xi}, therefore |ansD∗(Q)| =

|ansD|Xi
(Q)| as needed to complete the proof. �

We now generalise the previous result to classes defined via degree constraints. Observe
however that such classes may not always be prefix-closed, or sometimes only for some particular
order. An example of such a case is presented in PEN Example 3.10 .

I Example 3.10 (For whom the order matters)
Consider the following query:

Q(x1, x2, x3) : - R(x1, x3), S(x2, x3)

and consider that the class of database instances C we consider when evaluating this
query satisfy the functional dependencies x3 → x1 and x3 → x2. Equivalently, this implies
that x3 acts as a sort of key in these databases: once it is fixed, the values of x1 and x2

are uniquely determined. Assume that this class C also satisfies the following cardinality
constraints: |R| 6 N and |S| 6 N .

Then clearly, the worst case here is wc(Q, C) 6 N since each value of x3 can yield at most
one answer tuple.

Let us however examine how our branching algorithm from Algorithm 3.2 behaves with
different variable orders.

I Order (x1, x2, x3). Suppose that we branch first on x1 and x2. Each of these variables can
take N possible values, so Algorithm 3.2 will explore roughly N2 partial assignments before
realising that only at most N of these are consistent with the functional dependencies. The
intermediate search tree thus grows quadratically larger than the final answer set. This leads
to this conclusion: |ansD(Q|{x1,x2})| > wc(Q, C).

Remark that this is completely symmetrical for the order (x2, x1, x3).

I Order (x3, x1, x2). This time, we start by branching on x3. In this case, the functional
dependencies immediately fix the values of x1 and x2. Algorithm 3.2 therefore only explores at
most N branches, matching worst-case complexity.

Again, remark that this is completely symmetrical for the order (x3, x2, x1).

I Order (x1, x3, x2). Finally, suppose we start by branching on x1, but follow with x3. In a
similar way as in the first case we considered, x1 can take N possible values. After this, x3 can
also take N possible values, leading to an intermediate search tree of size roughly N2, which is
larger than the worst-case. This is because we are not taking advantage in this case of the
functional dependency. We explore all the possible values for x1 before x3, which might lead
to many “dead-ends” immediately following this.
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If we build the constraint dependency graph for
C, we obtain the graph represented on the right.

The main difference between the variable orders
(x1, x2, x3) and (x3, x1, x2) is that the latter is
a topological sort of this graph.

𝑥1

𝑥2 𝑥3

This motivates the following definition: if we consider a set DC of acyclic degree constraints,
an order (x1, . . . , xn) is said to be compatible with DC if it is a topological sort of the constraint
dependency graph GDC. The class of databases defined with acyclic degree constraints is denoted
C(DC). Unsurprisingly, this allows to prove the following generalisation of Theorem 3.9:

I Theorem 3.11
Let C(DC) be the class of databases for a join query Q satisfying a set of acyclic degree
constraints DC. Then C(DC) is prefix-closed for every order compatible with DC.

Proof. The proof is very similar to the proof of Theorem 3.9. Let Q be a join query, D ∈ C(DC)
and i 6 n. We construct D∗ as in Theorem 3.9. We still have |ansXi

D (Q)| = |ansD∗(Q)|. We only
have to check that the degree constraints still hold for D∗.

Let (A,B,NB|A) ∈ DC be a degree constraint. By definition, it is satisfied by a relation
R of D on variables var(R) ⊇ B. We claim that R∗ ∈ D∗, defined in the same way as in
Theorem 3.9 also satisfies δ. Indeed, if Xi ∩ var(R) ⊆ A, then for every τ ∈ DA, there is at
most one tuple in R∗[τ ] which is τ × dvar(R)\Xi , hence |R∗[τ ]|B | 6 1 6 NB|A. Otherwise, since
the order is compatible with DC, A ⊆ Xi. Therefore, R∗[τ ] = R|Xi

[τ ]× dvar(R)\Xi . In particular
|R∗[τ ]| = |R|Xi

[τ ]| 6 |R[τ ]|. In this case, projecting to B, |R|Xi
[τ ]|B | 6 |R[τ ]|B | 6 NB|A since

R satisfies the degree constraint (A,B,NB|A). Hence, R∗ also satisfies this degree constraint.
Since this reasoning works for every relation R∗ ∈ D∗, we conclude that the degree constraints
still hold for D∗.

We now see that |ansXi

D (Q)| = |ansD∗(Q)| 6 wc(Q, C(DC)), which is what we needed to
prove. �

A direct corollary of Theorems 3.8 and 3.11 is that Algorithm 3.2 is almost worst-case optimal
on classes defined by acyclic degree constraints.

I Corollary 3.12
Let Q be a join query. Let C(DC) be a class of databases for Q with m relations over n
variables, D be the domain of the databases, and DC a set of acyclic degree constraints.

Assume (x1, . . . , xn) is a variable order compatible with DC. Then for every D ∈ C(DC),
WCJ(Q, 〈〉) returns ansD(Q) in time Õ(mn · |D| · wc(Q, C(DC))).
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Observe that in order to prove the almost worst-case optimality of Algorithm 3.2 in Corol-
lary 3.12, we have not used any knowledge of the actual value of the worst-case wc(Q, C(DC)).
This makes our approach simpler than the existing analysis of worst-case optimal join algorithms.
While such knowledge is also not necessary in the analysis of Leapfrog TrieJoin [Vel14], the
complexity analysis given in that paper is more complicated.

3.3.3 Binarisation

We have seen that Algorithm 3.2 achieves time Õ(mn · |D| · wc(Q, C)) complexity for a query Q
when C is prefix-closed (see Theorem 3.8). However, this does not qualify this algorithm as a
worst-case optimal join yet. Indeed, we have an extra |D| factor that stems from the fact that
we are testing every possible value of d ∈ D for each variable, even if many of them will directly
lead to inconsistencies. We could overcome this issue by exploring only relevant values, using
for example the TrieJoin algorithm from [Vel14] which allows to enumerate values present in
the intersection of every relation in time O(log|D|) or hash indices as in [Ngo18]. While these
techniques are interesting for practical implementations, our goal in this work is to achieve the
same result by using as little technical machinery as possible. Therefore, we present here a new
simple technique to remove this extra |D| factor.

The main idea is that instead of testing every value in the domain D for each variable, we
fix its value bit by bit. This could be implemented directly by modifying Algorithm 3.2 or, as
we choose to present it, by transforming any database D on domain D with n variables into a
database D̃b. We also update the query Q to a query Q̃b, where we replace all the atoms R(x) by
R̃b(x̃b). This database now has n · b variables where b = dlog|D|e variables on domain {0, 1}, and
is built such that the answers of Q̃b over D̃b are in one-to-one correspondence with the answers of
Q over D. We do this by re-encoding each element of the domain D in binary.

I Example 3.13 (Re-encoding the database)
Consider the following database instance D for the query Q∆(x, y, z) : - R(x, y), S(x, z), T(y, z):

R x y S x z T y z

0 0 0 3 0 2
1 0 1 0 0 3
1 1 1 2 1 0
2 1 2 3 1 2

The idea is then to encode each value of the domain {0, 1, 2, 3} by a binary word of length
2 on domain {0, 1}. This will give us the following database instance D̃2:

R̃2 x2 x1 y2 y1 S̃2 x2 x1 z2 z1 T̃2 y2 y1 z2 z1

0 0 0 0 0 0 1 1 0 0 1 0
0 1 0 0 0 1 0 0 0 0 1 1
0 1 0 1 0 1 1 0 0 1 0 0
1 0 0 1 1 0 1 1 0 1 1 0
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The reencoded query would then be:

Q̃∆

2
(x2, x1, y2, y1, z2, z1) : - R̃2(x2, x1, y2, y1), S̃2(x2, x1, z2, z1), T̃2(y2, y1, z2, z1) .

The encoding can be defined formally as follows. Let D be a database on variables X and
domain D. Without loss of generality, we assume that D = {1, . . . , d} for some d and we let
b = dlog|D|e to be the number of bits needed to encode in binary every element of D. We represent
each element k in D by the binary number k̃b representing k written with b bits. For 1 6 i 6 b,
let k̃b[i] be the ith bit of the binary representation of k ∈ D over b bits. The function ·̃b is a
bijection between D and its image. Given a binary number k in the image of ·̃b, we write k̄b for
the corresponding element of D, that is, the function ·̄b is the inverse function of ·̃b.

We now lift the functions ·̃b to pairs of bijections over tuples, relations and then over databases.
For a set of variables Y , we denote by Ỹ b the set {yi | y ∈ Y, 1 6 i 6 b}, that is, the set containing
b distinct copies of each variable of Y . For τ ∈ DY , we define τ̃ b as follows: for every y ∈ Y

and i ∈ [b], τ̃ b(yi) = τ̃(y)
b
[i]. Similarly, given a relation R ⊆ DY we let R̃b = {τ̃ b | τ ∈ R}. And

finally, given a query Q over variables X and domain D and a database instance D for Q, we let
D̃b = {R̃b | R ∈ D}.

Obviously, the answers of Q̃b over D̃b are in one-to-one correspondence with the answers of
Q over D. Moreover, we have that the cardinalities of the relations are invariant under this
transformation, that is |R̃b| = |R| for any relation R. An example of the domain size reduction we
operate is shown in PEN Example 3.17 .

Applying Theorem 3.5 on D̃b directly yields the following:
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I Theorem 3.14
Given a join query Q on domain D ⊆ [2b] with m atoms, (x1, . . . , xn) an order on the variables of
Q, and D a database instance for Q, WCJ(Q, D̃b, 〈〉) with order (x1

1, . . . , x
b
1, . . . , x

1
n, . . . , x

b
n) com-

putes ansD̃b(Q) in time Õ(m·
∑

i6n

∑
j6b |ansD̃b(Q|Xj

i
)|) where Xj

i = {x1
1, . . . , x

b
1, . . . , x

1
i , . . . , x

j
i}.

This is the first step in showing the worst-case optimality of Algorithm 3.2. However, we
will still have to bound maxi,j |ansX

j
i

D̃b
(Q)| by wc(Q, C). We do this by showing that in the case

of acyclic degree constraints, the binarised database D̃b also belongs to a class C̃b defined by
acyclic degree constraints where wc(Q, C̃b) 6 wc(Q, C), that is, that reducing the domain size
does not increase the worst-case value for the class. Moreover, we show that, if C is prefix-
closed for the variable order (x1, . . . , xn), then C̃b is prefix-closed for the binarised variable order
(x1

1, . . . , x
b
1, . . . , x

1
n, . . . , x

b
n).

The idea is to binarise the degree constraints as follows: for b ∈ N and degree constraint
δ = (A,B,N), we denote by δ̃b the degree constraint (Ãb, B̃b, N) and for a set DC of degree
constraints, let D̃C

b
: - {δ̃b | δ ∈ DC}. We can then show:

I Lemma 3.15
Let DC be a set of degree constraints and Q be a join query. For every database D ∈ C(DC) for
Q on domain D ⊆ [2b] where b ∈ N, we have that D̃b ∈ C(D̃C

b
). Moreover, wc(Q, C(D̃C

b
)) 6

wc(Q, C(DC)).
Finally, if the set of constraints DC is acyclic and (x1, . . . , xn) is an order compatible with

DC, then D̃C
b

is acyclic and (x1
1, . . . , x

b
1, . . . , x

1
n, . . . , x

b
n) is an order compatible with D̃C

b
.

Proof. The first part of the statement follows from the following observation: let δ = (A,B,N)
be a degree constraint from DC and R a relation on variables var(R) ⊇ B which satisfies δ, then
R̃b respects δ̃b. Indeed, let τ be an assignment of Ãb and let τ ′ be the corresponding assignment
of A on domain 2b defined as τ ′(x) =

∑b
i=1 2

i−1τ(xi), that is, τ encodes τ ′ via the binary
operation we defined. Then it is easy to see that R[τ ′]|Y is in one-to-one correspondence with
R̃b[τ ]|Ỹ b by using the same encoding. In particular, |R̃b[τ ]|Ỹ b | = |R[τ ′]|Y | 6 N , and therefore,

D̃b ∈ C(D̃C
b
).

Now, let D′ ∈ C(D̃C
b
) be a database on domain D. We build D as the database on domain

Db where each relation R′ of D′ over attributes Ỹ b is transformed into a relation R over
attributes Y as follows: for a tuple τ ′ ∈ R′, we build the tuple τ ∈ R by taking for each y ∈ Y ,
τ(y) =×j6b

τ ′(yj). It is easy to see that if R′ satisfies the degree constraint δ̃b, then R satisfies
δ and that ansD(Q) and ansD′(Q) are in one-to-one correspondence. Hence D ∈ C(DC) and then
wc(Q, C(D̃C

b
)) 6 wc(Q, C(DC)).

Finally, by definition, it is clear that there is an edge in GDC between x and y if, and only if,
there is an edge between xi and yj for every i, j 6 b in GD̃Cb . Assume towards a contradiction
that there is a path from xj

i to x`
k for some i > k in GD̃Cb . Then there is necessarily a path from



68 Chapter 3: Join Evaluation via Branching Algorithms

xi to xk in GDC as argued above, which contradicts the fact that x1, . . . , xn is a topological sort
of GDC. �

A direct consequence of Lemma 3.15 is that ansX
j
i

D (Q) 6 wc(Q, C(DC)) for Xj
i = {x1

1, . . . , x
j
i}

whenever j = b. This also holds for all other values of j different from b. Indeed, fixing fewer bits
corresponds to projecting the answer relation on a stricter subset of attributes, which can only
merge tuples and therefore cannot increase its size. Lemma 3.15 therefore implies that C(D̃C

b
) is

prefix-closed when DC is acyclic and its worst-case is not greater than the worst-case of C(DC).
Since for any D ∈ C(DC), the domain of D̃b is two and has b · n = Õ(n) variables, we therefore
have a worst-case optimal join (up to polylogarithmic factors) algorithm for C(DC):

I Corollary 3.16
Let Q be a join query, DC be a set of acyclic degree constraints and C(DC) be a class of
databases for Q satisfying DC. Let m be the number of relations in D ∈ C(DC) and n be the
number of variables. Assume (x1, . . . , xn) is an order compatible with DC. Then for every
D ∈ C(DC) on domain D ⊆ [2b], WCJ(Q, D̃b, 〈〉) on order (x1

1, . . . , x
b
1, . . . , x

1
n, . . . , x

b
n) returns

ansD(Q) in time Õ(mn · wc(Q, C(DC))).

Notice that there is a slight abuse in the statement of Corollary 3.16 since the algorithm does
not directly return ansD(Q) but a binary representation of each tuple in ansD(Q). However, it is
straightforward to turn each answer of Q over D̃b back to the corresponding answer of Q in D in
Õ(1).

I Example 3.17 (Working with a reduced domain)
Consider the query and database instance introduced in PEN Example 3.13 . By keeping the trace
of the execution of Algorithm 3.2 over this instance, we obtain the following tree:
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If we reencode the database instance and the query as in PEN Example 3.13 , we can then
branch on the first bit x1 of x, then the second bit x2 and so on. A trace of a run of the same
algorithm over this reencoded instance would produce the following tree:

Note that the bits are evaluated starting from
the least significant bit.

In this example, we can directly see that when
x is set to 0, that is, when x1 ← 0, x2 ← 0, then
we do not explore the values 1 or 3 for y as we
directly detect an inconsistency when setting
the first bit of y to 1.

This simple bitwise branching suffices to guaran-
tee worst-case optimality for an already simple
algorithm such as Algorithm 3.2.
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3.4 Comparison and Conclusion

Our algorithm is closely related to both Generic Join [Ngo+12] and Leapfrog TrieJoin [Vel14], the
latter already being a particular case of Generic Join. Similarly, Algorithm 3.2 can be regarded
as a simplified form of Generic Join. The main difference in the approach is that both Generic
Join and TrieJoin use a specific algorithm (trie join and m-way sort merge respectively) to ensure
that a variable x is branched only on values that would not introduce any inconsistency. We
circumvent this need of a specific algorithm by using binarisation instead. This can be seen, from
a higher perspective, as simply branching on the bits of each value. In turn, this approach could
be emulated directly on the query (without binarising the query explicitly), yielding an algorithm
very close to Generic Join, that is, a branching algorithm which efficiently branches only on values
of x that do not contradict the query right away. However, we prefer the explicit binarisation
since it keeps the analysis transparent: the complexity of Algorithm 3.2 depends only on the
prefix-closed property of the class and the size of the domain, which can then be reduced via
binarisation.

A key contribution of this work lies in its complexity analysis. The analysis of Generic Join
from [Ngo+12; NRR14] relies on the knowledge of the worst-case bound, known as the AGM
bound for cardinality constraints and a polymatroid bound for acyclic degree constraints. While
proofs of these bounds are well established in the literature (see [Suc23] for a survey), they add a
layer of complexity in the understanding of why such simple branch-and-bound strategies achieve
worst-case optimality. Our analysis instead relies on a easily verifiable structural property of the
considered classes, namely prefix-closedness: forgetting variables in intermediate relations cannot
produce an instance whose number of answers exceeds the worst case. We have shown in this
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chapter that classes defined by cardinality constraints or acyclic degree constraints satisfy this
property, making the link both elementary and natural.

Our approach is also close in spirit to the one of [Vel14], where the notion of renumbering
is introduced and the runtime is bounded by analysing the behaviour of the algorithm on a
normalised instance in which values have been modified. While the underlying idea is similar, we
argue that prefix-closedness provides a simpler and more direct notion to reason about worst-case
optimality.

To summarise, this chapter presents a simple branch-and-bound algorithm for evaluating join
queries, and studies the conditions under which it achieves worst-case optimality. Despite its
conceptual simplicity, the algorithm matches the guarantees of more elaborate strategies found
in the literature, such as Generic Join or Leapfrog TrieJoin, provided the class of databases
considered for the query satisfies the natural prefix-closedness condition.

To eliminate the overhead incurred by naive value enumeration, we introduced a binarisation
technique reducing arbitrary domains to the Boolean case. This allows the algorithm to branch
on bits rather than values, thereby pruning the search space efficiently while preserving optimality.
While the search on bits facilitates the understanding of the algorithm and its underlying
complexity, a practical implementation may nevertheless find it more convenient to use larger
domains such as bytes to take advantage of bit-vector operations.

Beyond its theoretical significance, the resulting framework is easy to describe, straightforward
to implement, and flexible enough to support more advanced query tasks. In Chapter 4, we build
on this structure to show how it can be extended to support uniform sampling of query answers.
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Chapter 4

Uniformly Sampling Query Answers

Probability is the very guide of life.

Cicero

In this chapter, we extend the ideas developed for WCOJ evaluation to the task of uniform sampling
from the answers of a join query. Uniform sampling has received growing attention in recent
years as an alternative to full materialisation of the answer set, especially when representative
answers are sufficient for downstream applications. It is known that, for queries Q over databases
belonging to classes C defined by cardinality constraints [DLT23; Kim+23] or by acyclic degree
constraints [WT24], one can sample answers uniformly in expected time Õ( wc(Q,C)

max(1,|ansD(Q)|) ).
Our goal here is to recover these guarantees through an elementary algorithmic approach. The

central idea is to reuse the structure of the trace tree generated by the branching procedure of
Chapter 3 (Algorithm 3.2), and to adapt a classical method of Rosenbaum [Ros93] to sample leaves
from a tree without exploring it exhaustively. This perspective provides a clean and modular
bridge from worst-case optimal join evaluation to uniform sampling. Our approach is similar to
the one used by Kim, Ha, Fletcher, and Han [Kim+23] and by Chen and Yi [CY20b], but is more
modular, making it easier to adapt to the more general case of acyclic degree constraints. Our
analysis relies solely on structural properties of the database class, and the probability calculations
are considerably simpler than those in existing analyses such as [DLT23]. The work presented in
this chapter is an extension of the work presented in Chapter 3, first described in [CIS25].

This chapter starts by presenting a simple algorithm to sample from the leaves of a tree, that
we adapt to use over the trace tree generated by Algorithm 3.2. We then show an example on
how we can use the worst-case as an estimator to guide the sampling. Finally, we formally prove
that the worst-case bounds from Chapter 3 have the required properties to allow for an efficient
uniform sampling of the query answers.
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4.1 Efficiently Sampling the Leaves of a Tree
Our core technique relies on the problem of sampling uniformly a leaf from a rooted tree. We aim
at designing an algorithm solving this problem while avoiding an exhaustive tree exploration. This
question has already been addressed by Rosenbaum in [Ros93] where he proposes an algorithm
that explores the tree in a top-down manner, and whenever it encounters a leaf, either returns it
or fails. To remove, or at least reduce, bias towards subtrees having more leaves than others in
this algorithm, he guides the search with upper bounds on the number of leaves of each subtree,
obtained from the depth and the branching size of the tree.

4.1.1 Rosenbaum’s Algorithm
Rosenbaum’s algorithm samples the leaves of tree by using a random movement procedure and
repeating the movement until a leaf is reached. We choose to present this algorithm in a slightly
different way to that used in the original paper, by presenting it as a Las Vegas algorithm.
Consider a rooted tree T with root r. The movement choice is based on an upper bound of the
number of leaves in T . This upper bound is computed with the help of a few measures: (1) the
number of children of the root r, denoted m, (2) an upper bound on the maximum degree of any
node that is not r, denoted w, and (3) the maximum depth of the tree, denoted d. We then have
an upper bound defined as r-upb = m · wd−1. Note that this measure is truly an upper bound
since if we consider a tree of maximal degree w and of depth d, there the most leaves the tree can
have is wd.

These measures allow Rosenbaum to define a random movement procedure as follows:
from the root r: if a child t of r is a leaf, move to t with probability 1

r-upb , if it is not a leaf,
move to t with probability 1

m .
from any descendant t′ of r at depth a: if a child t of t′ is not a leaf, move to t with
probability 1

w , if it is a leaf, move to t with probability 1
wd−a .

In both these cases, there is a non-zero probability that no child or leaf t will be selected since
the sum of the probabilities will always be less than 1. In these cases, the random movement
procedure is defined to fail1.

PEN Example 4.3 showcases an example of this random movement procedure over a simple tree.

The sampling algorithm is then as simple as the following:

Algorithm 4.1 Rosenbaum’s algorithm
1: procedure Leaf(t)
2: input: · t a tree
3: if t is a leaf then return t
4: else, return random_movement(t)

Rosenbaum shows that Algorithm 4.1 has the following guarantees:

1in the original paper, the random movement simply returns to the root and continues.
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I Theorem 4.2 ([Ros93, Proposition 1])
Given a rooted tree T , and out the output of a run of the Leaf procedure, we have:

Pr(out = `) =
1

r-upb(T ) and Pr(out = fail) = 1− N

r-upb(T )

for any given leaf `, where N is the total number of leaves in T .

Repeating this algorithm until it succeeds will produce a uniformly sampled leaf from the tree,
but its main caveat is that the number of returns to the root is high. The probability that the
procedure will fail at some point before reaching a leaf is equal to 1− N

r-upb . The total number of
fails before outputting a leaf follows a geometric distribution and its expected value is r-upb

N . This
implies that if the tree is sparse, that is, if the number of leaves is small compared to the number
of nodes in the tree, then we will face a high volume of fails, and thus will have to repeat the
algorithm multiple times.

To compensate for this fact and therefore reduce the volume of fails, Rosenbaum proposes to
reorganise the tree to reduce its depth. This is done by searching for leaves and subtrees up to a
certain depth and adding them as direct children of the root. Note that, in this setting, if this
does reduce the depth of the tree, it does so without changing its width (since we do not consider
the degree of the root). Therefore, this manipulation simply updates the exponent in the upper
bound computation.

This reorganisation of the tree allows for easier sampling. Indeed, since the depth has changed,
then the expected number of fails is often less (more importantly, it is never more) than for the
original tree.

PEN Example 4.3 also shows an example of a reorganisation of the tree.

I Example 4.3 (Rosenbaum tree sampling [Ros93])
Consider the simple following tree:

𝑡

𝑡1 𝑡2 𝑡3

𝑡4 𝑡5 𝑡6

1

2 3 4

5 6 7 8 9 10

In this tree, the root has m = 4 children, a child width of w = 3 and a maximum depth
d = 3. Rosenbaum’s bound is thus r-upb = m · wd−1 = 4 · 33−1 = 36, even though there are
only 10 leaves.

From the root t, the random movement will move to t1, t2 or t3 with probability 1
4 , to the

leaf 1 with probability 1
36 or fail with probability 2

9 .
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From t1, we would move to t4 with probability 1
3 , to leaves 2 or 3 with probability 1

9 . More
importantly, at this step, we would fail with probability 4

9 .
Note that the high probability of failing in this case is because of the high difference between

the actual number of leaves of the tree and the upper bound we have computed.
Reorganising the tree up to depth 2 would yield the following tree:

𝑡

𝑡4 𝑡5 𝑡6
1 2 3 4

5 6 7 8 9 10

which indeed results in a tree that, if it has more children directly from the root, has a
depth of 2 and no longer 3. This in turn implies that the upper bound on the number of leaves
is now r-upb = 7 · 32−1 = 21. This reduces the expected value of the number of fails while
sampling from the tree.

In summary, we could use Rosenbaum’s algorithm as grounds for our query answer sampling
problem. However, as we will see in our case, we are not interested in sampling from all the leaves,
but simply a subset of them.

4.1.2 Adapting the algorithm
In this section, we adapt Rosenbaum’s algorithm in a slightly more general setting. Indeed, in
our approach, the leaves of the tree will correspond to cases where the recursion of Algorithm 3.2
stops. In this case, either a solution is found and we are interested in the leaf, or an inconsistency
is found and we want to reject the leaf.

The main difference with Algorithm 4.1 is therefore that we now want this algorithm to work
on a tree where we wish to sample from a subset of the leaves.

Moreover, the upper bounds on the leaves used in Section 4.1.1 [Ros93] are too coarse for our
purposes. Therefore, we describe our version of the algorithm by using oracle calls to a function
(over-)estimating this number of leaves. We delay the detailed presentation of this function to
Section 4.2 in order to keep the presentation of this algorithm modular.

These conditions motivate the following definition:

I Definition 4.4 (Leaf estimators)
Let T be a rooted tree. A leaf estimator upb for T is a function mapping nodes of T to positive
values such that:

(i) for every node t with children (t1, . . . , tn), upb(t) >
∑n

i=1 upb(ti); we call functions with
this property tree-superadditive; and

(ii) if t is a leaf, then upb(t) ∈ {0, 1}, indicating whether we are interested in sampling the
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leaf.

For a tree T rooted in r, we denote by upb(T ) the value of upb(r). Now, given a tree T and
a leaf estimator upb for T , we say that a leaf ` of T is a 1-leaf of T if, and only if, upb(`) = 1
and denote by leaves1(T ) the set of all 1-leaves of T . Our goal is now to uniformly sample a leaf
` ∈ leaves1(T ).

Observe that since upb is a tree-superadditive function, for any node t, we have that upb(t) is
an upper bound on the number of 1-leaves below t.

The upper bound used in Rosenbaum’s algorithm is tree-superadditive, since, given a node at
depth a, we have at most w children at depth (a + 1) with an upper bound of wd−(a+1) each,
thus w · wd−(a+1) 6 wd−a, which is the upper bound for the node at depth a.

We define children(t) as the function that, given a node t, returns the list of its direct children.
This allows us to define our algorithm recursively as follows:

Algorithm 4.5 A variation of the Rosenbaum algorithm [Ros93]

Sample a leaf in the subtree rooted in t as follows:
if t is a leaf belonging to leaves1(T ), output the leaf with probability 1;
if t is any other leaf, fail with probability 1; and
if t has children t1, . . . , tn, recursively sample a 1-leaf in ti with probability upb(ti)

upb(t) and
return it if the recursive call in ti succeeds and fail otherwise. Note that we may directly
fail without recursively sampling with probability 1−

∑
i

upb(ti)
upb(t) . This probability is

positive, since
∑

i upb(ti) 6 upb(t) by the tree-superadditivity of upb.

In the rest of this section, we prove that Algorithm 4.5 is a Las Vegas uniform sampling
algorithm for the set of leaves1(T ) of T , with the following guarantees:

I Theorem 4.6
Let T be a tree rooted in r and upb a leaf estimator for T . Let out be the output of Algorithm 4.5
on input r. Then, for any leaf ` ∈ leaves1(T ), we have that Algorithm 4.5 is a uniform Las
Vegas sampler with guarantees:

Pr(out = `) =
1

upb(T ) and Pr(out = fail) = 1− |leaves1(T )|
upb(T )

Algorithm 4.5 consists of O(B · depth(T )) calls to upb, where B is the branching size of
the tree, in O(depth(T )) calls to the children function.

Proof. We proceed by induction on the depth of the tree T . If the tree T is of depth 1, then
it can be one of two cases: (i) either it belongs to leaves1(T ) and then |leaves1(T )| = 1 and
therefore it is trivial to see that the algorithm samples this leaf with probability 1

upb(T ) = 1, or
(ii) it does not belong to leaves1(T ) and then there is nothing to sample, so the algorithm fails
inevitably.

Supposing that the property holds for a tree T ′ of depth at most k, if we now have a tree T
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of depth k + 1, then it has children (t1, . . . , tn) each of depth at most k. Then, by induction,
Algorithm 4.5 samples from a given ti with probability upb(ti)

upb(t) . If the recursive call has succeeded,
then the algorithm has sampled a leaf from ti with probability 1

upb(ti) . Since the random choices
are independent, the probability of outputting this leaf from t is upb(ti)

upb(t) ×
1

upb(ti) =
1

upb(t) .
The complexity statement is straightforward. We need to evaluate the number of selected

leaves in each subtree along a path from the root to a leaf, leading to O(B · depth(T )) calls to
upb and for each node we visit, we need to find the list of children, leading to O(depth(T )) calls
to children. �

Since Algorithm 4.5 is a Las Vegas algorithm, we can also extend Theorem 4.6 with the
following corollary:

I Corollary 4.7
Given a tree T with branching size B and oracle access to a leaf estimator function upb(·), we
can sample in leaves1(T ) with uniform probability 1

|leaves1(T )| , when |leaves1(T )| > 0 or answer
that |leaves1(T )| = 0.

This is done by repeating Algorithm 4.5 an expected O( upb(T )
max(1,|leaves1(T )|) ) number of times

and therefore, we have:
O( upb(T )

max(1, |leaves1(T )|)
·B · depth(T )) expected calls to upb(·), and

O( upb(T )
max(1, |leaves1(T )|)

· depth(T )) expected calls to children(·)

The proof of Corollary 4.7 is done by splitting the analysis into two cases: one where we
consider the size of leaves1(T ) to be strictly positive and one where |leaves1(T )| = 0. We show
that the expected number of repetitions of Algorithm 4.5 is upb(T )

max(1,|leaves1(T )|) . In parallel to the
sampling, we run an exploration of T in order to cover the eventuality that |leaves1(T )| = 0.

Proof. We first treat the case where |leaves1(T )| = n > 0. Algorithm 4.5 can either fail or
produce a leaf that has been sampled with uniform probability. It is thus a Las Vegas algorithm.
It samples a leaf in leaves1(T ) with uniform probability 1

upb(T ) . When |leaves1(T )| = n > 0, it
thus outputs some data with probability n

upb(T ) or fails with probability 1− n
upb(T ) . Now if we

repeat the algorithm until it succeeds, as each 1-leaf has the same probability to be outputted in
one repetition, they all have the same probability to be outputted at the end of this process. In
a nutshell, this procedure uniformly chooses amongst the 1-leaves of T which all have probability
1
n to be outputted. Moreover, since the repetitions of Algorithm 4.5 are independent, the number
of such repetitions until it succeeds follows a geometric distribution and its expected value is
thus upb(T )

n .
The case where |leaves1(T )| = 0 is a little trickier. Since Algorithm 4.5 can only fail, repeating

it would result in an infinite loop. We can circumvent this in one of two ways.
Either we start a full exploration of T in parallel and if it does not find any 1-leaf in T , we

stop running Algorithm 4.5 (if it returns a 1-leaf, we stop the exploration). A second method
would be to improve Algorithm 4.5 by maintaining the parts of T that have already been
explored and by updating the values of upb(t) for each subtree that is explored by using the
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information from its children. Eventually, the algorithm explores T entirely. Indeed parts
of T that have been explored are known not to contain data and have thus probability 0 to
be explored again. In the end, updating the upb(t) value of each node will result in having
upb(T ) = 0, meaning that leaves1(T ) is empty. We then stop the search. Both methods would
cost a time of O(upb(T )). �

I Remark 4.8
Notice that the second method presented in the proof may also be useful when |leaves1(T )| is
small compared to upb(T ). Indeed, updating upb(·) at each failure of the algorithm increases the
probability of success of the next iteration of the algorithm resulting in an overall improvement
in the speed of convergence.

4.2 Applying Algorithm 4.5 to Join Queries
There is a strong link between the tree structure used in the sampling method from Section 4.1
and the trace of a run of the worst-case optimal join algorithm presented in Algorithm 3.2.
Assume that we want to sample uniformly the results of a join query Q over a database D with
relations over variables X = {x1, . . . , xn} and domain D. For this, we can follow the structure of
the execution of Algorithm 3.2 when it uses the order (x1, . . . , xn) on variables. As we have seen,
the trace of the execution of Algorithm 3.2 naturally constructs a tree structure whose nodes are
some assignments of DXi for some i ∈ [0, n], corresponding to the input of the recursive calls.

We call this tree the trace tree of (Q,D) and denote it by TD
Q . In TD

Q , an assignment τ ∈ DXi

is the parent of another assignment τ ′ when τ ′ = τ × 〈xi+1 ← d〉. Amongst all the possible
assignments, the ones that are nodes in TD

Q are those that are consistent with Q or those that are
inconsistent with Q but have a parent that is consistent with Q. In PEN Example 3.17 , we depict
such a tree: assignments that are inconsistent with Q are labelled ⊥, those that are elements of
the answer set are labelled >. Moreover, the assignment corresponding to a node in the tree from
PEN Example 3.17 can simply be read off the path from the root to that particular node.

The leaves of TD
Q that we want to sample in this tree are simply the elements of DXn that

are consistent with Q, namely the solutions of Q, or more visually, the leaves labelled with >.
Algorithm 4.5 can then be applied to TD

Q .
This motivates the definition of a Q-estimator:

I Definition 4.9 (Q-estimator)
Given a join query Q over a database D and an order (x1, . . . , xn) on the variables, a Q-estimator
is a function q-upb on the nodes of TD

Q that satisfies the following properties:
when τ is a node of TD

Q in DXi that is consistent with Q, q-upb(τ) >
∑

d∈D q-upb(τ ×
〈xi+1 ← d〉) (that is, q-upb is tree-superadditive);
q-upb(τ) = 1 when τ ∈ ansD(Q); and
q-upb(τ) = 0 when τ is inconsistent with Q.

Defining Q-estimators then allows us to extend Corollary 4.7 with the following result:
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I Theorem 4.10
Let Q be a join query over a database D with variable set X. Given a Q-estimator q-upb(τ)
that can be evaluated in time t for every τ , it is possible to uniformly sample ansD(Q) in
expected time:

O( q-upb(〈〉)
max(1, |ansD(Q)|)

· |X| · |D| · t)

Proof. This theorem is a direct consequence of Corollary 4.7. The depth of TD
Q is |X| and its

branching size is |D|.
Each call to q-upb(·) takes time t, and we have O( upb(T )

max(1,|leaves1(T )|) · |D| · |X|) such calls.
Each call to children(·) can be done in constant time with the appropriate data structure,

and we have O( upb(T )
max(1,|leaves1(T )|) · |X|) such calls. �

In the next section, we focus on giving a simple example of how to use a well-known bound for
databases in our sampling algorithm. This will allow us to later show that the classes of databases
we have been considering at this point, those defined by cardinality constraints and acyclic degree
constraints allow for efficient sampling since the worst-case can be used as a Q-estimator.

4.3 Using the AGM Bound to Sample Query Answers
This section will serve as an example of an application of Algorithm 4.5 to sample uniformly from
the answers of a join query.

Throughout this example, we will consider the triangle query Q∆ : - R(x, y), S(x, z), T (y, z)
over a given database instance D and domain D.

Setting the context. In Section 4.2, we defined a few concepts to help link our sampling
algorithm to join queries.

As such, it could be interesting to use query upper bounds as Q-estimators for Algorithm 4.5.
Suppose that we have a partial assignment τ such that the next variable we are assigning is x.
We consider the query estimator q-upb(τ) = (|R[τ ]| · |S[τ ]| · |T [τ ]|)0.5. This is an upper bound on
the number of answers of Q over D, by AGM. In order to use this as a Q-estimator, we have to
show that this bound is tree-superadditive here, that is, that:

q-upb(τ) =
√
|R[τ ]| · |S[τ ]| · |T [τ ]| >

∑
d∈D

q-upb(τ × 〈x← d〉)

To do this, we will use the Cauchy-Schwarz Inequality that states:

I Proposition 4.11 (Cauchy-Schwarz Inequality)
For all vectors u and v of an inner product space, we have:

|〈u, v〉| 6
√
〈u,u〉 ·

√
〈v, v〉
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We denote by Rd the slice R[τ × 〈x ← d〉] to ease notations. We have |R[τ ]| =
∑

d∈D |Rd|.
This is also completely symmetrical for S. In this context, T [τ ] stays constant, since x does not
intervene in T .

We want to show:

√
|R[τ ]| · |S[τ ]| · |T [τ ]| >

∑
d∈D

√
|Rd| · |Sd| · |T [τ ]| =

√
|T [τ ]|

∑
d∈D

√
|Rd| · |Sd|

Which in this case is equivalent to showing:√
|R[τ ]| · |S[τ ]| >

∑
d∈D

√
|Rd| · |Sd|

We define two vectors R =
(√
|Rd1
|, . . . ,

√
|Rdn
|
)

and S =
(√
|Sd1
|, . . . ,

√
|Sdn
|
)
.

By Cauchy-Schwarz, we have:

|〈R,S〉| 6
√
〈R,R〉 ·

√
〈S,S〉∑

d∈D

√
|Rd|

√
|Sd| 6

√∑
d∈D

√
|Rd|

2
·
√∑

d∈D

√
|Sd|

2

∑
d∈D

√
|Rd| · |Sd| 6

√∑
d∈D
|Rd| ·

√∑
d∈D
|Sd|

∑
d∈D

√
|Rd| · |Sd| 6

√
|R[τ ]| ·

√
|S[τ ]| =

√
|R[τ ]| · |S[τ ]|

Which is what we wanted to prove. Thus, the function q-upb defined via the AGM bound is
tree-superadditive.

Moreover, since the restriction of the database to a tuple that is an answer to the query
will only yield one tuple, our bound will be 1 when dealing with >-leaves. When dealing with
⊥-leaves, the restriction will leave at least one empty relation, leading to a bound of 0. This
means that the function q-upb is a Q-estimator as it follows the properties from Definition 4.9.

Running Algorithm 4.5. We now describe how a run of Algorithm 4.5 would sample one of the
answers (or fail to do so) using the AGM bound as an estimator. A visual representation of three
different runs of the algorithm can be found in Figure 4.13.

In this example, the database instance D that we will consider is the following (Table 4.12):

R x y S x z T y z

0 0 0 3 0 2
1 0 1 0 0 3
1 1 1 2 1 0
2 1 2 3 1 2

Table 4.12: A database instance D for the triangle query Q∆
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We will assume that D follows a cardinality constraint that bounds the number of tuples in
each relation by 4. As we have seen in PEN Example 3.17 we can apply our worst-case optimal join
algorithm Algorithm 3.2 over Q and D, and by keeping the trace of the execution, we obtain the
tree TQ∆

represented in PEN Example 3.17 .
The run that we describe in detail next is a successful run of the algorithm, that does not fail.
First, suppose that we are at the root. Since the root here is not a leaf, we recursively sample

from the children. To do so, we have to compute the upper bounds. The upper bound for the
number of answers to the query over this database is (4 · 4 · 4)0.5 = 8. The upper bounds for the
children of the root can be obtained by looking at how the database constraints change when
setting the value of x. If we set x← 0 or x← 2, then both R and S now only contain 1 tuple.
This implies that the upper bound for these subtrees will be (1 ·1 ·4)0.5 = 2. If we set x← 1, then
R and S contain 2 tuples each, hence the upper bound becomes (2 · 2 · 4)0.5 = 4. We therefore
sample from the left and right subtrees with probability 2

8 = 0.25 and from the central subtree
with probability 4

8 = 0.5. Note that setting x ← 3 leads to an inconsistency, thus the bound
becomes 0 and implies that it cannot be sampled.

Suppose we sample from the central subtree (that is, we have set x← 1). Since this is still
not a leaf, we once again look at the subtrees. Here, if we set y ← 0 or y ← 1, we get an upper
bound of (1 · 2 · 2)0.5 = 2 in both cases. Therefore, we can sample from each of the subtrees with
probability 2

4 = 0.5.
Suppose we sample from the right subtree, that is, we set y ← 1. This is not a leaf, so we look

at the subtrees. Here, we have 2 leaves that are in leaves1(TQ∆
) and 2 ⊥-leaves. Setting z ← 0 or

z ← 2 will lead to an upper bound of (1 · 1 · 1)0.5 = 1, so we sample from one of the two >-leaves
with probability 1

2 = 0.5 each.
Finally, suppose that we set z ← 0. We arrive at a leaf ` ∈ leaves1(TQ∆), so we output this

leaf with probability 1.
At the end of the run, we have sampled the tuple (1, 1, 0) ∈ ansD(Q∆) with probability:

4

8
· 2
4
· 1
2
· 1 =

1

8
=

1

upb(TQ∆
)

which is consistent with the guarantees from Theorem 4.6.
Figure 4.13 gives a visual representation of this run in Subfigure (a), as well as a representation

of a failed run (Subfigure (b)) and of another successful run (Subfigure (c)).

This leads us to believe that we can use the AGM bound to sample effectively from queries
over databases defined with cardinality constraints. In fact, we will see in the next section
that, when we have a query Q over a database D that belongs to a class C defined either
by cardinality constraints or acyclic degree constraints, we can choose our Q-estimator to be
equal to the worst-case wc(Q, C). This entails that Theorem 4.10 gives us a time complexity of
O( wc(Q,C)

max(1,|ansD(Q)|) · |X| · |D|), where X is the set of variables and D the domain. This however
depends linearly on |D| and is therefore not as good what is known from the literature, which is
why we will also show that we can apply Algorithm 4.5 to Q̃b (see Section 3.3.3) to improve on
the complexity.

4.4 Tree-Superadditive Worst-Case Bounds
We now wish to generalise these results to whole classes of databases, such as those defined by
cardinality constraints or by acyclic degree constraints. This will allow us to recover the sampling
results from the literature, and notably from [DLT23; Kim+23; WT24] by using Theorem 4.10 and
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(a) A successful sampling run, sampling the tuple (1, 1, 0).
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(b) A run that ends in a fail. This run will
not return a tuple.
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(c) A second successful run, this time
sampling the tuple (0, 0, 3).

Figure 4.13: A visual representation of three different runs of sampling with Algorithm 4.5.
The chosen path in the tree is materialised by coloured, boldened edges. The coloured square
boxes to the left of the nodes visualise the upper bounds for these nodes, the greyed boxes

represent the upper bound for the siblings of the chosen nodes. In each run, the probabilities of
choosing a given branch are noted alongside it.
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the binarisation technique presented in Section 3.3.3. Since the class C(DC) generalises the class
C(6 N), we could have only treated the first case. We believe however that the C(6 N) being
simpler, it conveys more intuition and is easier to show. Our main tool is a simple consequence of
an inequality by Friedgut [Fri04].

I Lemma 4.14 (Generalised Weighted Entropy Lemma, [Fri04])
Given the following objects:

A hypergraph H = (X,E);
A finite set L;
A family of subsets of X (F`)`∈L. Let e` = e ∩ F` for every e ∈ E. And let E` = {e` |
e ∈ E}.
A family of weights W = (w`)`∈L: w` associates a positive real number to the elements
of E`.
A family of positive real numbers A = (α`)`∈L so that for every x ∈ X,

∑
`|x∈F`

α` > 1.
We have that: ∑

e∈E

∏
`∈L

w`(e`) 6
∏
`∈L

( ∑
e`∈E`

w`(e`)
1/α`

)α`

.

We slightly adapt Lemma 4.14 into the following corollary:

I Corollary 4.15
For every finite sets I and J , every family of positive real numbers (ωj)j∈J so that

∑
j∈J ωj > 1,

and every family of positive real numbers (ai,j)i∈I,j∈J , we have:

∑
i∈I

∏
j∈J

a
ωj

i,j 6
∏
j∈J

(∑
i∈I

ai,j

)ωj

.

Proof. This is a direct consequence of Lemma 4.14.
By setting:
X = I, E = {{i} | i ∈ I},
L = J and for every j ∈ J , Fj = I, as a consequence for every e ∈ E and j ∈ J , ej = e,
and thus Ej = E.
For each j ∈ J , we let wj({i}) = a

ωj

i,j .
Finally, we let A = (ωj)j∈J . As for every i ∈ I and j ∈ J , we have that i ∈ Fj , the
hypothesis that A must satisfy is a consequence of the hypothesis

∑
j∈J ωj > 1.

Lemma 4.14 gives us:

∑
i∈I

∏
j∈J

a
ωj

i,j 6
∏
j∈J

(∑
i∈I

(a
ωj

i,j)
1/ωj

)ωj

=
∏
j∈J

(∑
i∈I

ai,j

)ωj

.

Which is the expected inequality, thus proving our claim. �
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The proof of the superadditivity of AGM in Section 4.3 using the Cauchy-Schwarz inequality
is a special case of Corollary 4.15. By using Corollary 4.15, we can therefore generalise this proof
to the full AGM with arbitrary fractional weights.

4.4.1 Bounds for classes defined by cardinality constraints

Let Q be a join query over variables X and C(6 N) be a class of databases for Q defined
with and cardinality constraints N ⊆ N|X|. In [AGM13], Atserias, Grohe, and Marx show that
wc(Q, C(6 N)) can be computed from the solutions of the following linear program:

min
m∑

R∈Q
ωRlog(N(R))

s.t. ∀i = 1, . . . , n,
∑

R:xi∈var(R)

ωR > 1

and prove wc(Q, C(6 N)) is
∏m

R=1 N(R)ωR up to polylogarithmic factors. Note that the vector
ω is a fractional cover of the query hypergraph H.

Let us consider an optimal solution to this linear program ω for a query Q over a database
instance D ∈ C(6 N). We take as Q-estimator the function agm-upb(τ) as follows:

agm-upb(τ) =
{

0 when τ is inconsistent with Q∏m
j=1 |Rj [τ ]|ωj otherwise .

When τ is inconsistent with Q, then, by definition, agm-upb(τ) = 0. Furthermore, when τ is
in ansD(Q), for every j, |Rj [τ ]| = 1 and therefore, agm-upb(τ) = 1, as we have seen in Section 4.3.
To show that agm-upb is a Q-estimator, we finally need to show that for every τ assigning variables
up to xi and consistent with Q, we have agm-upb(τ) >

∑
d∈D agm-upb(τ × 〈xi+1 ← d〉), that is,

that AGM is tree-superadditive in this more general case.
For every j we have: |Rj [τ ]| =

∑
d∈D |Rj [τ × 〈xi+1 ← d〉]| when xi+1 is in XRj −Xi

|Rj [τ ]| = |Rj [τ × 〈xi+1 ← d〉]|, for every d ∈ D otherwise.

We let K = {k ∈ [1,m] | xi+1 ∈ XRk
\Xi} and L = [m] \K. Since

⋃
j var(Rj) = X, we must

have K 6= ∅. We thus have:

∑
d∈D

agm-upb(τ × 〈xi+1 ← d〉) =
∑
d∈D

∏
k∈K

|Rk[τ × 〈xi+1 ← d〉]|ωk ×
∏
l∈L

|Rl[τ × 〈xi+1 ← d〉]|ωl

=
∑
d∈D

∏
k∈K

|Rk[τ × 〈xi+1 ← d〉]|ωk ×
∏
l∈L

|Rl[τ ]|ωl

=
∏
l∈L

|Rl[τ ]|ωl ×
∑
d∈D

∏
k∈K

|Rk[τ × 〈xi+1 ← d〉]|ωk

Then, agm-upb(τ) >
∑

d∈D agm-upb(τ × 〈xi+1 ← d〉) follows from:
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∑
d∈D

∏
k∈K

|Rk[τ × 〈xi+1 ← d〉]|ωk 6
∏
k∈K

(∑
d∈D
|Rk[τ × 〈xi+1 ← d〉|

)ωk

=

6
∏
k∈K

|Rk[τ ]|ωk

To summarise, we have the following chain:

∑
d∈D

agm-upb(τ × 〈xi+1 ← d〉) 6
∏

j∈[m]

|Rj [τ ]|ωj ·
∏
k∈K

|Rk[τ ]|ωk =
∏

j∈[m]

|Rj [τ ]|ωj = agm-upb(τ)

By definition of K and since (ωj) is a solution of our linear program, we have
∑

k∈K ωk > 1.
We can therefore directly get the bound using Friedgut’s inequality from Corollary 4.15.

Now that we have established that the AGM bound results in a tree-superadditive estimator,
we can use it in an application of our sampling framework presented in Theorem 4.10.

Suppose that we are given a query Q, a database instance D, a (maybe partial) assignment τ
and a weight vector ω computed from the AGM bound. This leads to the following adaptation of
Algorithm 4.5:

Algorithm 4.16 Sampling with AGM
1: procedure Sample(Q,D, τ, ω)
2: input: · Q a join query,

· D a database instance for Q,
· τ a partial tuple assignment,
· ω a AGM weight vector

3: output: a uniformly sampled tuples of ansD(Q) or fail
4: if D[τ ] contains an empty relation then fail
5: i← last variable assigned by τ
6: if i = n then return τ

7: for d ∈ D do
8: bd ←

∏
R|xi+1∈var(R)

(
|R[τ×〈xi+1←d〉]|

|R[τ ]|

)ωR

. selection probability for that child
9:

10: δ ← pick d ∈ D with probability bd

11: if δ = nil then
12: fail . no child was selected
13: else
14: return Sample(Q,D, τ × 〈xi+1 ← δ〉, ω) . a child is selected, continue sampling

Note that the algorithm in itself is very similar to the one we describe in Algorithm 3.2. The
fail at Algorithm 4.16 can happen if the sum of the upper bounds of the children of the current
node is smaller than the upper bound of the current node. In this case, there is a non-zero
possibility that no child is selected.

Consider a query Q over a database D with variables X and domain D. One run of the
procedure from Algorithm 4.16 over the trace tree of (Q,D) will result in O(|X|) calls to the
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children function (one per variable) and O(|D| · |X|) calls to the agm-upb function (one for each
possible valuation of each variable), which is coherent with the results from Theorem 4.6.

These results allow us to specify the results from Theorem 4.10 in the following way:

I Theorem 4.17
Given a join query Q over variables X and C(6 N) a class of databases for Q with m relations
defined with cardinality constraints N ⊆ N|X|, for every database D in C(6 N), it is possible
to uniformly sample ansD(Q) with expected time

Õ( wc(Q, C(6 N))

max(1, |ansD(Q)|)
· |X| · log(|D|) ·m)

Proof. Given (Q,D) with active domain D, we let b = dlog(|D|)e and we are going to sample
from the answers of Q̃b over D̃b. As we have seen in Section 3.3.3, ansD(Q) and ansD̃b(Q̃

b) can
be considered to be the same set. Moreover, D̃b belongs to a class C̃b defined by cardinality
constraints where wc(Q̃b, C̃b) 6 wc(Q, C(6 N)). This implies that there is a Q̃b-estimator
agm-upb(·).

Using the data structure described in Chapter 3 to represent R[τ ] or a trie structure annotated
with cardinalities to represent every relation of Q, we can compute |R[τ × 〈xi+1 ← d〉]| in
O(log|R|). Therefore, computing agm-upb(·) takes time Õ(m).

Finally, by definition of agm-upb(·), we have agm-upb(〈〉) 6 wc(Q̃b, C̃b). This allows us to
apply Theorem 4.10 and yields the claimed complexity. �

Thus, for classes of databases following a set of cardinality constraints, the AGM bound can
be used as a Q-estimator and we can sample uniformly from the answer set of a query. In the
next section, we show how this can also be generalised to classes of databases defined with acyclic
degree constraints.

4.4.2 Bounds for classes defined by acyclic degree constraints
Let Q be a join query over variables X, and C(DC) be a class of databases following a set
DC of acyclic degree constraints δ = (Aδ, Bδ, Nδ). We introduce the polymatroid bound as a
generalisation of the AGM bound that can be formulated over acyclic degree constraints with the
solutions of the following linear program:

min
∑
δ∈DC

ωδ log(Nδ)

s.t. ∀x ∈ X,
∑

δ:x∈Bδ\Aδ

ωδ > 1

For this program to have a solution, we need to assume that for every x ∈ X, there is at least
one constraint δ such that x ∈ Bδ \ Aδ. As stated in Chapter 3, to ensure that acyclic degree
constraints induce a finite worst-case, we generally assume that

⋃
j var(Rj) = X and that for

each relation R, we have at least one cardinality constraint (∅, var(R), NR). In other terms, we
add the constraint that each relation also satisfies a cardinality constraint. We assume these
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conditions to be met here. Now for any solution ωδ of the previous program, it has been shown
by Ngo [Ngo18] that wc(Q, C(DC)) is

∏
δ∈DC Nωδ

δ up to some polylogarithmic factors.
Let us fix a solution ω of our linear program, and an order (x1, . . . , xn) on the variables

X that is compatible with the set DC. For a database D in C(DC) and a degree constraint
δ = (Aδ, Bδ, Nδ) in DC, we let Rδ to be a relation in Q that satisfies δ. To lighten the notations,
we denote by R′δ = Rδ|Bδ

, since the degree constraint is applied to this projection of Rδ and not
Rδ itself. Moreover, given a tuple τ in DXi , we let:

Nδ[τ ] =

 0 if τ is inconsistent with Q
Nδ if Aδ \Xi 6= ∅
|R′δ[τ ]| otherwise

We now take as our Q-estimator the function pm-upb(τ), defined as follows:

pm-upb(τ) =
∏
δ∈DC

Nδ[τ ]
ωδ .

When τ is inconsistent with Q, by definition of Nδ[τ ], pm-upb(τ) = 0. If τ is in ansD(Q), since
for every δ, Aδ \Xn = ∅, Nδ[τ ] = |R′j [τ ]| = 1 and therefore, pm-upb(τ) = 1. This follows from the
same argument as before. Once more, proving that pm-upb is a Q-estimator finally requires showing
that for every τ that is consistent with Q, we have pm-upb(τ) >

∑
d∈D pm-upb(τ × 〈xi+1 ← d〉).

We let K = {δ ∈ DC | xi+1 ∈ Bδ \ Aδ} and L = DC \K. As stated before, for the linear
program to have a solution, we assumed K 6= ∅. We make two observations:

1. For δ ∈ K, Nδ[τ ] = |R′δ[τ ]| and for any d ∈ D, Nδ[τ × 〈xi+1 ← d〉] = |R′δ[τ × 〈xi+1 ← d〉]|,

2. For d ∈ D, Nδ[τ × 〈xi+1 ← d〉] 6 Nδ[τ ].

The first observation follows directly from the fact that xi+1 ∈ Bδ \Aδ by definition of K and
that x1, . . . , xn is compatible with DC which implies that for any δ ∈ K, Aδ ⊆ Xi.

For the second inequality, first assume Aδ \Xi+1 6= ∅. Then both sides are equal to Nδ. Now
assume Aδ \Xi+1 = ∅. Then Nδ[τ×〈xi+1 ← d〉] = |R′δ[τ×〈xi+1 ← d〉]| and either Nδ[τ ] = |R′δ[τ ]|,
then the equality is clear, or Nδ[τ ] = Nδ and the inequality follows from the fact that Rδ satisfies
δ by definition.

From these observations, we obtain:

∑
d∈D

pm-upb(τ × 〈xi+1 ← d〉) =
∑
d∈D

∏
δ∈K

|R′δ[τ × 〈xi+1 ← d〉]|ωδ ×
∏
δ∈L

Nδ[τ × 〈xi+1 ← d〉]ωδ

6
∑
d∈D

∏
δ∈K

|R′δ[τ × 〈xi+1 ← d〉]|ωδ ×
∏
δ∈L

Nδ[τ ]
ωδ

=
∏
δ∈L

Nδ[τ ]
ωδ ×

∑
d∈D

∏
δ∈K

|R′δ[τ × 〈xi+1 ← d〉]|ωδ

The superadditivity of this function, that is, the fact that
∑

d∈D pm-upb(τ × 〈xi+1 ← d〉) 6
pm-upb(τ) is obtained by showing the following statement:

∑
d∈D

∏
δ∈K

|R′δ[τ×〈xi+1 ← d〉]|ωδ 6
∏
δ∈K

(∑
d∈D
|R′δ[τ × 〈xi+1 ← d〉|

)ωδ

=
∏
δ∈K

R′δ[τ ]
ωδ =

∏
δ∈K

Nδ[τ ]
ωδ .



4.5. Conclusion 89

The inequality above is a direct consequence of Friedgut’s lemma (Corollary 4.15). Indeed,∑
δ∈K ωδ > 1 by definition of K and because of the constraints ωδ verifies in the linear program.
We can then build a very similar algorithm as Algorithm 4.16 using the polymatroid bound.
This allows us to conclude with a last result, obtained exactly in the same way as Theorem 4.17.

I Theorem 4.18
Given a join query Q over variables X, and given C(DC) a class of databases for Q with m
relations satisfying a set of acyclic degree constraints DC, we have that, for every database D
in C(DC), it is possible to uniformly sample ansD(Q) with expected time

O( wc(Q, C(DC))
max(1, |ansD(Q)|)

· |X| · log(|D|) ·m)

4.5 Conclusion
In this chapter, we studied the problem of uniformly sampling answers to join queries. We began
by revisiting Rosenbaum’s classical algorithm for sampling leaves of a tree without full exploration,
and adapted it to a more general setting where only a subset of the leaves are of interest. This
led us to introduce the notion of a leaf estimator, a tree-superadditive function that allows us to
bound the number of answer leaves in any subtree.

We then applied this perspective to join queries, by showing how the execution trace of our
WCOJ algorithm introduced in Chapter 3 naturally unfolds into a tree. Leaves of this trace tree
correspond to either inconsistencies or valid answers; and leaf estimators can be constructed from
worst-case bounds. This provides a clean reduction from uniform answer sampling for a query
over a database to leaf sampling in a tree.

We have also shown how we can use known worst-case bounds over query answers as estimators
for this sampling algorithm. Through the AGM bound for cardinality constraints, we showed
informally how each partial assignment can be given a natural estimator, and illustrated the
procedure on a concrete example. The essential property here is the superadditivity of the
estimator, which guarantees the correctness of the sampling procedure.

Finally, we established more general results by proving that both the AGM bound for cardinality
constraints and the polymatroid bound for acyclic degree constraints are tree-superadditive,
thereby yielding uniform samplers in expected time O( wc(Q,C)

max(1,|ansD(Q)|) · |X| · log(|D|) ·m). Combined
with the binarisation technique presented in Chapter 3, this allows us to match recent results in
the literature, while relying on a simpler and more modular analysis.
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Chapter 5

Using Circuits to Answer Join Queries

Let us change our traditional attitude to the
construction of programs

Donald Knuth

In Chapters 3 and 4, we presented a worst-case optimal join algorithm whose trace can be used
to sample efficiently from the answers of a query. Notably, the trace of Algorithm 3.2 builds
a tree-like structure where the internal nodes are decision nodes labelled by variables and the
leaves are labelled > or ⊥ according to whether the path ending there from the root leads to
an assignment of the variables along the path that satisfies the query. In a way, we can see the
trace of Algorithm 3.2 as a trie representation of the answer set of a query. This data structure
representing the answers of a query has interesting algorithmic properties, as we have notably
seen in Chapter 4. We can however work on optimising this data structure by allowing for new
operations, such as by factorising similar nodes or by simplifying the computation of the subtrees
based on the context we evaluate them in.

In this chapter, we therefore present a slightly more complex data structure to represent
the answers to a query Q over a database D as an extension of Algorithm 3.2 with a few extra
optimisations. This data structure, that we call {×, dec}-circuit, will also represent ansD(Q) in a
factorised way, but will also integrate gate factorisation and subquery separation. We also describe
a simple, top-down algorithm that builds a {×, dec}−circuit from Q and D (see Algorithm 5.5).
The idea behind our algorithm is very similar to the idea of Exhaustive DPLL, an algorithm that
was introduced by Sang, Bacchus, Beame, Kautz, and Pitassi [San+04] as a way to solve instances
of the #SAT problem. While Exhaustive DPLL does not construct a data structure as such, Huang
and Darwiche later observed that the trace of the execution of Exhaustive DPLL implicitly builds
a Boolean circuit [HD05]. This matches our definition of a {×, dec}-circuit on domain {0, 1} and
enjoys interesting tractability properties. The algorithm and the analysis presented here were
first introduced in [CI24; Cap+25].

The structure of this chapter differs from the presentation of [CI24] and [Cap+25].
We start by introducing relational circuits, the data structure we will be using. Then, we

introduce the algorithm that compiles a {×, dec}-circuit from a join query and a database. Later,
we introduce signed join queries as a natural extension of join queries and show how we can adapt
our algorithm to this new framework. Finally, we establish the complexity of the algorithm, and
use similar methods as in Chapter 3 to shave factors from this complexity.
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5.1 Decision Diagrams and Relational Circuits

In this section, we introduce the main structures that we will be using in the rest of this chapter
and later in Chapter 6.

5.1.1 Decision Diagrams

A binary decision diagram (often abbreviated BDD) is a data structure that represents a Boolean
function. This is done by representing the function as a rooted, directed, acyclic graph consisting
of decision nodes labelled by a variable and leaves labelled by ⊥ or >. The out edges of a decision
node are labelled by 0 or 1. If we impose an order ≺ over the variables we are considering, then
we obtain an ordered binary decision diagram (OBDD). A common extension to these structures
is to allow them to have a multivalued domain, in which case, a decision node can have up to d
children, where d is the size of the domain. The interest in representations such as (O)BDDs lies
in their ease of use in various applications. For instance, in PEN Example 5.1 , we show how we can
represent a binary valued relation as an OBDD.

I Example 5.1
Consider the following relation and its representation as an OBDD:

R x1 x2 x3

0 0 0
0 1 1
1 0 1
1 1 0
1 1 1

0

0

0 1

1

1

0 1

0 1 0 1

𝑥1

𝑥2

𝑥3

⊤ ⊥

𝑥3

𝑥2

𝑥3

⊥ ⊤ ⊤ ⊤

Note that a tuple in the relation R corresponds to a path from the root to a leaf labelled
by >. The order over the variables we consider here is x1 ≺ x2 ≺ x3.

This OBDD uses factorisation, since the middle gate labelled by x3 has two parents. This
is due to the fact that, whatever the value for x1, if x2 is different from x1, then x3 has to
be set to 1 if we want a tuple from R. An equivalent “tree-like” OBDD could be constructed
by duplicating this gate and linking each copy to one parent. This, however, would result in
duplication of the data.

I Remark: the OBDD presented above looks very similar to the data structure that we built
with Algorithm 3.2 (see PEN Example 3.17 for example). The only difference between the two
structures is that the OBDDs now allow node sharing.

While this representation is compressed due to factorisation, and can already be used in
various applications, we want to go even further in the optimisations. Notably, when considering
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a join between multiple relations, we could use the structure of the relations to simplify the
analysis and find inconsistencies faster. This observation motivates the following definitions.

5.1.2 Relational Circuits
To improve on the previous data structure, we introduce relational circuits. A multi-directed
graph is a directed graph in which we allow, for two nodes u and v, multiple edges to exist
from u to v. A {./, dec}-circuit C on variables X = {x1, . . . , xn} and domain D is a kind of
multi-directed acyclic graph, where the nodes of the graph can either be decision nodes (as in
OBDDs) or special nodes called ×-nodes. To stay coherent with the logical circuit context, we
will often refer to the vertices of the graph as gates. A {./, dec}-circuit has one distinguished gate
out(C) called the output of C. Moreover, the circuit is labelled as follows:

any gate of C with no ingoing edge will be called an input gate of C and will be labelled by
either ⊥ or >;
a gate v labelled by a variable x ∈ X is called a decision gate. Each ingoing edge e of v is
labelled by a value d ∈ D and for each d ∈ D, there is at most one ingoing edge of v labelled
by d. This implies that a decision gate has at most |D| ingoing edges; and
any other gate is labelled by ./.

The set of all the decision gates in a circuit C is denoted by decision(C). Given a gate v of C,
we denote by Cv the subcircuit of C rooted in v to be the circuit whose gates are the gates from
which v is reachable by following a directed path in C. We define the variable set of v, denoted
by var(v) ⊆ X, to be the set of variables x labelling a decision gate in Cv. The variable labelling
a specific decision gate v is denoted by decvar(v). The size |C| of a {./, dec}-circuit is defined to
be the number of edges of its underlying directed acyclic graph.

We define the relation rel(v) ⊆ Dvar(v) computed at gate v inductively as follows: if v is an
input labelled by ⊥, then rel(v) = ∅. If v is an input labelled by >, then rel(v) = {〈〉}, that is,
rel(v) is the relation containing only the empty tuple. Otherwise, let v1, . . . , vk be the inputs of v,
that is, there exists in the circuit an edge between vi and v. If v is a ./-gate, then rel(v) is defined
to be rel(v1) ./ . . . ./ rel(vk). If v is a decision gate labelled by a variable x, rel(v) = R1 ∪ · · · ∪Rk

where Ri = 〈x ← di〉 ./ rel(vi) ./ Dvar(v)\(var(vi)∪{x}) and di is the label of the incoming edge
(vi, v). It is readily verified that rel(v) is a relation on domain D and variables var(v). The relation
computed by C over a set of variables X (assuming var(C) ⊆ X), denoted by relX(C), is defined
to be rel(out(C))× DX\var(out(C)).

To ease notation, we use the following shortcuts: first, when the variable set X is not stated
explicitly, then we assume that X = var(C) and second, if v is a decision gate and we have a
domain value d ∈ D, we denote by vd the gate of C that is connected to v by an edge (vd, v)
labelled by d.

Deciding whether the relation computed by a {./, dec}-circuit is non-empty is NP-complete
by a straightforward reduction to the problem of model checking of conjunctive queries [CM77]
(see Section 2.3 for more details). As they are presented, such circuits are therefore of little use
to get tractability results. We are therefore more interested in a restriction of {./, dec}-circuits
which we will denote {×, dec}-circuits. A {×, dec}-circuit C is a {./, dec}-circuit that satisfies
two extra properties.

1. For every ./-gate v of C with inputs v1, . . . , vk and i < j 6 k, it holds that var(vi)∩var(vj) =
∅. The sets of variables on each side being disjoint, we make this property explicit by
changing the notation to a Cartesian product and the ./-gate is now denoted by a ×-gate.

2. For every decision gate v of C labelled by x with inputs v1, . . . , vk and i 6 k, it holds that
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x /∈ var(vi). That is, x is not evaluated or assigned at any other point in the subcircuit
rooted in v.

Checking whether the relation computed by a {×, dec}-circuit C is non-empty can be done in
time O(|C|) by a dynamic programming algorithm propagating in a bottom-up fashion whether
rel(v) is empty. Similarly, given a {×, dec}-circuit C, one can compute the size of rel(C) in
polynomial time in |C| by a dynamic programming algorithm propagating in a bottom-up fashion
|rel(v)|. The idea of the counting algorithm is that input gates provide an answer of 0 or 1, the
decision gates sum the values from their inputs and the ×-gates multiply the values from their
inputs. PEN Example 5.2 presents a simple {×, dec}-circuit, with factorisation, over a relation.

A {×, dec}-circuit C is said to be complete if, for every decision gate v on variable x with
inputs v1, . . . , vk, we have that var(vi) = var(v) \ {x} for every i 6 k. Moreover, C is said to be
complete with respect to X if it is complete and if var(C) = X.

5.1.3 Ordered Relational Circuits
Let X be a set of variables and ≺ an order on X. We say that a {×, dec}-circuit C on domain
D and variables X is a ≺-ordered {×, dec}-circuit if for every decision gate v of C labelled with
x ∈ X, it holds that for every y ∈ var(v)\{x}, x ≺ y. We simply say that a circuit C is an ordered
{×, dec}-circuit if there exists some order ≺ on X such that C is a ≺-ordered {×, dec}-circuit.

I Example 5.2 (A simple ordered {×, dec}-circuit)
Below is a simple example of an ordered {×, dec}-circuit. The domain used is {0, 1} and the
variable order is x1 ≺ x2 ≺ x3 ≺ x4. On the left, we represent R, the relation computed by the
circuit.

R x1 x2 x3 x4

0 0 1 0
0 1 1 0
0 1 1 1
1 0 1 0
1 1 1 0
1 1 1 1

rel(v) x2 x4

0 0
1 0
1 1

0 1

0 1

0 1

0 1 0 10 1

0 1 0 1

𝑥1

𝑥2

𝑥3

⊥ 𝑥4

⊤ ⊥

×

𝑥4

⊤ ⊤

𝑥3

⊥ ⊤

×

𝑥2 𝑥3

⊥ ⊤

𝑣

Notice how the variables on both sides of the ×-gates are interlaced: there is no side of the
×-gates where every variable is greater than the one appearing on the other side, this is because
the order property is only at the decision gates level. This circuit is not complete, since for
example, all the subcircuits under the left-most x3 decision gate do not assign all the remaining
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variables. Indeed, the branch where x3 is assigned to 0 stops immediately without having a
decision gate for x4.

The size of this circuit is 20. This circuit also showcases an example of factorisation. The
two decision nodes labelled by x4 are shared by two different parts of the circuit each, leading to
a reduced total number of nodes. For example, there are only 5 >-gates, but 6 total solutions.

If we consider the gate that we call v on the illustration, the relation rel(v) computed at
gate v is the relation represented on the left, the current decision variable is decvar(v) = x2

and the variable set of v is the set rel(v) = {x2, x4}.

I Remark 5.3
You may notice that the edges in the circuit presented in PEN Example 5.2 are directed in the
opposite direction as in the OBDD from PEN Example 5.1 , as the decision nodes are oriented
towards the variables. This is not a classical construction, but it allows us to preserve the
logical circuit way of seeing things.

5.1.4 Related Frameworks
In the previous sections, we introduced two kinds of relational circuits. While we chose to detail
these two constructions, many more types of circuits exist in the literature, each designed to
efficiently answer specific problems, with different trade-offs between compactness, tractability or
supported operations.

This idea of representing logical formulas in a compact form is at the basis of knowledge
compilation, whose aim is to change (by a preprocessing phase called compilation) the repre-
sentation of some knowledge base to make it easier to analyse. In more relaxed terms, the
idea behind knowledge compilation is that, for a given (hard) problem, one might find a more
efficient way of solving it by changing the way the input is represented. This often leads to a
computational overhead due to the preprocessing of the input, but this overhead can usually be
amortized by the efficiency gain. Knowledge compilation then consists in the study of different
target languages, that is, forms into which we can compile data. Many of those target languages
are circuit families. For instance, OBDDs are circuits in Negation Normal Form (or NNF) and
the ordered {×, dec}-circuits we presented can be seen as a generalisation of as dec-DNNF (or
Decision-Decomposable NNF) to non-binary domains [DM02]. A more complete survey of the
different compilation languages and their uses can be found in [DM02] and a more detailed
introduction to the concepts of knowledge compilation can be found in [Cap16; Zan25].

Unsurprisingly, there exists a strong link between knowledge compilation and another research
direction, factorised databases [Olt16], where the objective is to find more compact representa-
tions of databases and query answers. Factorised databases were introduced by Olteanu and
Závodnỳ [OZ12]. This has been a fruitful line of research, notably around finding size bounds
over these factorised representations [OZ12; OZ15] or including more complex operators such as
aggregation or ordering [Bak+13].

The relational circuits we will use in the following chapters, and notably ordered {×, dec}-
circuits are examples of factorised representations such as d-representations [OZ15]. However,
they do not need to be structured along a tree, which will allow us to handle more queries. This is
especially important when dealing with queries with negative atoms, which we will define later in
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Section 5.3.1: β-acyclic signed conjunctive queries for instance are a class of queries that cannot
be represented by polynomial size d-representations [Cap17].

5.2 From Queries to Relational Circuits
Now that we have introduced relational circuits as a data structure, we still have to show how we
can construct such circuits in such a way that they are useful when dealing with join queries. The
gist behind the method we will present now is analog to that of Chapter 3 where we were joining
relations in a worst-case optimal way. As we mentioned briefly in this chapter’s introduction, the
algorithm we present in Algorithm 5.5 can be viewed as an extension of Exhaustive DPLL, first
introduced in [San+04]. While this method was originally devised to solve the #SAT problem,
that is, counting the number of satisfying assignments to a logical formula in conjunctive normal
form, it has been shown that the trace of this algorithm builds a relational circuit [HD05].

5.2.1 Connecting the Dots: WCOJ and DPLL
In Chapter 3, we introduced Algorithm 3.2 as an worst-case optimal join algorithm. The trace of
this algorithm produces a structure, such as shown in PEN Example 3.3 forms a rooted, directed
and acyclic graph. The nodes of this graph are labelled by the variables of the considered query
and the leaves are labelled by > or ⊥. As such, the trace of Algorithm 3.2 is a multivalued
decision diagram. Thus, when considering the binarised version from PEN Example 3.17 , we obtain
an OBDD, which can also be seen as a {dec}-circuit, without factorisation.

From Algorithm 3.2, a simple algorithm, we therefore transformed (or compiled) a query over
a database into a form of relational circuit whose relation represents the answer set of the query.
A natural direction stemming from this observation is to ask whether we could efficiently compile
a query into different forms of relational circuits while taking advantage of their structure. The
rest of this chapter is devoted to showing how we can in fact construct a ordered {×, dec}-circuit
from a query and a database, by slightly adapting Algorithm 3.2 to take better advantage of both
the structure of the query and the properties of the circuit.

The main changes from Algorithm 3.2 consist in factorising the circuit as we build it, that is,
avoiding the reconstruction of gates computing the same result, and using the ×-gates of ordered
{×, dec}-circuits to divide the query into smaller components that will be easier to handle. Note
that, with little change, we could include factorisation in Algorithm 3.2 and still keep the OBDD
trace.

5.2.2 Exhaustive DPLL for Join Queries
The main idea of our version of DPLL for join queries is the following: given an order ≺ on the
variables of a join query Q and a database D, we construct a �-ordered {×, dec}-circuit (where
x � y if, and only if, y ≺ x)1 computing ansD(Q) by successively testing the variables of Q
with decision gates, from the highest to the lowest with respect to ≺. At its simplest form, the
algorithm picks the highest variable x of Q with respect to the order ≺, creates a new decision
gate v on x and then, for every value d from the domain D, sets x to d and recursively computes
a gate vd computing the subset of ansD(Q) where x = d. We then add vd as an input of v. The
whole pseudocode for this algorithm is presented in Algorithm 5.5.

1While it may seem strange at this point that the order given in the input differs from the order used by the
output circuit, we will later see that ≺ corresponds to a structural parameter, generalising existing results, but we
have to follow it in reverse to build the circuit.
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Until this point, our new method is the same as the one we use in Algorithm 3.2. However, the
approach used in Algorithm 3.2 is an approach for worst-case optimal joining of relations. While
it does provide optimality in the worst case, it will not be enough for us to obtain interesting
tractability results, and we provide improvements to the algorithm to balance this. Indeed, we have
to consider that multiple variable assignments might give us the same subqueries by eliminating
the same relations for example. By using this naive approach, we would be recomputing the
same result multiple times. A second important point lays in the fact that, by assigning certain
variables, we could get a query that consists in different parts that do not contain the same
variables. In this case, simply assigning any possible domain value to the decision nodes would
result in a suboptimal circuit, since we would be working on relations that are not directly
involved. PEN Example 5.4 shows a simple example of these shortcomings.

I Example 5.4
Consider a query Q(x, y, z) : - R(x, y), S(y, z).

Suppose we follow an order x ≺ y ≺ z. If the tuples τ1 = 〈x← 1, y ← 1〉 and τ2 = 〈x←
2, y ← 1〉 are both in R, then the recursive call for τ1 and for τ2 have the same answer set,
because they both correspond to the answer of S[〈y ← 1〉].

For another example, suppose we now followed an order y ≺ x ≺ z. After setting the value
of y to a value d, the problem then is solving Q′ : - R(x, d), S(d, z), which, since the atoms do
not share variables, boils down to the Cartesian product of R[〈y ← d〉] with S[〈y ← d〉]

We therefore add a few optimizations. First, we keep a cache of already computed queries
so that, if we recursively call the algorithm twice on the same input, we can directly return the
previously constructed gate. Moreover, if we detect that the answers of Q are the Cartesian
product of two or more subqueries Q1, . . . , Qk, then we create a new ×-gate v, recursively call
the algorithm on each component Qi to construct a gate wi and plug each wi to v. Detecting
such cases is mainly done syntactically, by checking whether the query can be partitioned into
subqueries having disjoint variables.

The complexity of the previously described algorithm may however vary if one is not careful
in the way the recursive calls are actually made. We therefore give a more formal presentation of
the algorithm, whose pseudocode is given in Algorithm 5.5. We will prove upper bounds on the
runtime of Algorithm 5.5 parameterised by the structure of the query in Section 5.4. Since we
are not interested in complexity analysis yet, we deliberately let the underlying data structures
for encoding relations unspecified and delay this discussion to Section 5.4. Algorithm 5.5 relies
on notation that will be introduced immediately after the pseudocode.

Comparison with WCOJ. While Algorithm 5.5 is more complicated than Algorithm 3.2, both
their structures are the same. Line 4 is an addition but is the consequence of factorising the
circuit. Lines 5 and 6 are the same end cases as in Algorithm 3.2 and the loop starting at Line 8
serves the same function as the loop from our WCOJ (see Line 8) but is more detailed from the
division of the query into disjoint subqueries.

A few novel notations are used in Algorithm 5.5. First, we recall two definitions from Chapter 3:
(1) for a subset of variables Y ⊆ X, we denote by ansYD (Q) the set of tuples over variables Y that
are still consistent with Q, that is, ansYD (Q) = {τ | τ ∈ DY , τ is consistent with Q}; (2), for a
partial assignment τ , we denote by ansD(Q, τ) the set of tuples from the answer set of the query
that are compatible with τ , ansD(Q, τ) = {σ | σ ∈ ansD(Q), σ ' τ}. Recall that a tuple τ is said
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Algorithm 5.5 An algorithm to compute a �-ordered {×, dec}-circuit representing ansD(Q)

1: procedure DPLL(Q, τ,D,≺)
2: input: · Q a join query,

· τ a partial tuple assignment,
· D a database instance for Q,
· ≺ an order on the variables

3: output: a ≺-ordered {×, dec}-circuit for ansD(Q)
4: if (Q, τ) is in cache then return cache(Q, τ)
5: if τ is inconsistent with Q then return ⊥-gate
6: if τ assigns every variable in Q then return >-gate
7: x← max≺var(Q)
8: for d ∈ D do
9: τ ′ ← τ × 〈x← d〉

10: if τ ′ is inconsistent with Q then vd ← ⊥-gate
11: else
12: let Q1, . . . , Qk be the τ ′-connected components of Q
13: for i = 1 to k do
14: wi ← DPLL(Qi, τi,D,≺) where τi = τ ′|var(Qi)

15: if k = 1 then
16: vd ← w1

17: else
18: vd ← new ×-gate with inputs w1, . . . , wk

19: v ← new dec-gate connected to vd by a d-labelled edge for every d ∈ D
20: cache(Q, τ)← v
21: return v
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to be inconsistent with an atom R(x) if the restriction of R to the tuples compatible with τ is
empty, that is, R[τ ] = ∅. Note that if a query Q contains at least one atom R with which a tuple
τ is inconsistent, then Q has no answers compatible with τ and therefore we can lift the notation
and say that τ is inconsistent with Q.

For a tuple τ ∈ DY assigning a subset Y of variables of Q, the τ -intersection graph IQτ of Q
is the graph whose vertices are the atoms of Q having at least one variable not in Y , and there is
an edge between two atoms a and b of Q if a and b share a variable that is not in Y . Observe
that IQτ does not depend on the values of τ but only on the variables it sets. Hence it can be
computed in polynomial time in the size of Q only. A connected component C of IQτ naturally
induces a subquery QC of Q and is called a τ -connected component. Q is partitioned into its
τ -connected components and the set of atoms whose variables are completely set by τ . More
precisely, Q =

⋃
C∈CC QC ∪Q′ where CC are the connected components of IQτ and Q′ contains

every atom a of Q on variables set x such that x only has variables in Y . Observe that if τ is an
answer of Q′, then partial-ansτ (Q) =×C∈CC partial-ansτC (QC) where τC = τ|var(QC) since if C1 and
C2 are two distinct τ -connected components of IQτ , then var(QC1) ∩ var(QC2) ⊆ Y .

I Example 5.6 (Intersection Graphs & Connected Components)
To illustrate the previous notions, consider the query:

Q : - R(x, y), S(y, z), T(z)

and a domain value d.
We represent two intersection graphs below:

𝑅

𝑆

𝑇

This is the 〈〉-intersection graph of Q. All
three atoms are represented since no vari-
able has been assigned. There is an edge
between R and S since they share y and an
edge between S and T since they share z.

𝑅

𝑆

𝑇

This is the 〈y ← d〉-intersection graph of
Q. All three atoms are still represented
since none of the atoms have all there vari-
ables assigned. The edge between R and
S no longer exists as they do not share an
unassigned variable anymore.

From the figure on the right, the tuple τ = 〈y ← d〉 splits the intersection graph (and thus,
Q) into two τ -connected components.

If we had set z instead of y, then the intersection graph would consist of the nodes for
R and S linked by an edge, with the node for T being removed due to the fact that all its
variables are assigned.

5.2.3 Running DPLL
This section presents a simple example of running Algorithm 5.5 for a query over a given database.
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I Example 5.7 (Running Algorithm 5.5)
In this example, we will illustrate a run of Algorithm 5.5 over the simple join query:

Q(x1, x2, x3, x4) : - R(x1, x2), S(x1, x3), T(x2, x4)

that we evaluate over the following database D over the binary domain {0, 1}:

R x1 x2 S x1 x3 T x2 x4

0 1 0 0 0 0
1 0 1 0 1 1
1 1 1 1

Let’s consider an order ≺ such that x4 ≺ x3 ≺ x2 ≺ x1. The execution of Algorithm 5.5
with these parameters, that is, a call to DPLL(Q, 〈〉,D,≺), would yield the following ordered
{×, dec}-circuit:

0 1

0 1

0 1

0 1 0 1

0 1

0 1

𝑥1

× ×

𝑥2 𝑥3

𝑥4

𝑥2 𝑥3

𝑥4⊥

⊥ ⊤

⊤ ⊥

⊤ ⊥

⊤ ⊤

I Details about the run.
The first recursive call happens on assignment τ0 = 〈x1 ← 0〉, which is still consistent

with the query. At this point, the τ0-intersection graph of Q connects R and T through
x2 and S is disconnected from the other two relations. This implies that there exists two
connected components and thus, a Cartesian product gate is produced and two recursive calls
happen: the first has parameters (Q′ : - R(x1, x2),T(x2, x4), 〈x1 ← 0〉) and the second has
(Q′ : - S(x1, x3), 〈x1 ← 0〉). We focus on the first call in this example.

After setting a decision gate by x2, a new recursive call happens on assignment τ1 = 〈x1 ←
0, x2 ← 0〉. Now, R and τ1 are inconsistent, since τ1 /∈ R, and therefore a ⊥-gate is created and
the algorithm backtracks and sets x2 to 1 to build τ2 = 〈x1 ← 0, x2 ← 1〉 on Line 9.
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This assignment does not split the intersection graph into more than 1 connected components,
however, the τ2-connected component of Q does not contain R anymore since all variables in R
have been assigned in τ2. The parameters of this recursive call are thus (Q′ : - T(x2, x4), τ2).
Since τ2 is still consistent with the query, then a decision gate is created for x4 (note that x4

is the next variable to be evaluated and not x3 since x3 is not present in the current connected
component). Two recursive calls are then made: the first assigning x4 to 0, leading to an
inconsistency (and thus a ⊥-gate) since the tuple 〈x2 ← 1, x4 ← 0〉 /∈ T, and the second
assigning x4 to 1, leading to a consistent assignment (and thus a >-gate), since all the variables
for this subquery are assigned.

The algorithm has then finished with this subquery and returns to Line 12 for the call with
parameters (Q′ : - S(x1, x3), 〈x1 ← 0〉).

Later, the algorithm will eventually backtrack to the first call in the stack and set τ ′0 = 〈x1 ←
1〉 on Line 9. This will again split the intersection graph into two connected components and
create a Cartesian product gate. Most of the following calls adhere to the same idea as we have
described above. Let us focus on one specific call, that happens after constructing the decision
gate for x2. One of the recursive calls at that point will be on (Q′ : - T(x2, x4), 〈x1 ← 1, x2 ← 1〉.
Recall now that we have already computed a gate matching this call (see paragraph above). A
cache hit then occurs on Line 4, leading to sharing in the circuit.

I Remark: The interested reader may find an interactive version of this example and a few
others LINK here .

5.3 Handling Negations with Relational Circuits

While conjunctive queries already capture a large fragment of practical database tasks, they
only allow for positive information: an atom R(x) requires that a tuple of values assigned to
the variables x belongs to the relation R. In many situations however, one is also interested in
expressing negative conditions such as “a tuple τ must not belong to a relation R”.

Intuitively, the presence of negative atoms disrupts the usually monotonic behaviour of joins.
In a positive join query, extending a partial assignment of variables can only eliminate answers.
Indeed, once a tuple ceases to satisfy one of the atoms, it can no longer satisfy the entire query
and therefore cannot be an answer. When we consider queries with negation, this monotonicity no
longer holds: if a tuples ceases to satisfy a negative atom, it does not imply that it is inconsistent
with the query. On the other hand, a tuple becomes inconsistent with the query if it assigns all of
the variables of a negative atom and is still consistent with the atom. Consequently, using signed
join queries brings both new challenges and new opportunities. Negation introduces the risk of
exponential blow-up in naive evaluation, yet it also allows for simplifications whenever a negated
atom becomes true, as one can then decompose the query into smaller independent components.
In the rest of this section, we will formally introduce our signed join query framework and show
that Algorithm 5.5 can be naturally extended to take these negations into account.

5.3.1 Adding negation to join queries

We will now consider an extension of the join query model that we defined earlier in Chapter 1,
in which we allow for certain atoms to be negated. Formally:

https://florent.capelli.me/algorithms/dpll
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I Definition 5.8 (Signed Join Queries)
A signed join query Q over variables X is an expression of the form:

Q(X) : - R1(x1), . . . , R`(x`), ¬S`+1(x`+1), . . . , ¬Sm(xm)

where each Ri and Sj are relation symbols and the xk are tuples of variables in X.

When dealing with signed join queries, we call the elements of the form Ri(xi) positive atoms
and elements of the form Sj(xj) negative atoms. Given a signed join query Q, we denote the set
of positive atoms (respectively negative atoms) of Q by atoms+(Q) (respectively atoms−(Q)).

5.3.2 Extending Algorithm 5.5 to signed queries
Extending our version of DPLL from Algorithm 5.5 to work with signed join queries is possible
when taking into account the changes brought by negation. In Section 5.2, we detect syntactically
whether a query can be divided into independent subqueries in order to build a Cartesian product
gate. However, this syntactical detection, if kept as such, would fail to give good complexity
bounds in the presence of negative atoms. To achieve the best complexity, we therefore also
remove from Q every negative atom as soon as it is satisfied by the current partial assignment.
This allows us to discover more cases in which the query has more than one connected component.

We also previously defined an tuple τ to be inconsistent with an atom R (and thus a query) if
there are no tuples compatible with τ in R, that is, R[τ ] = ∅. Now that we also consider negative
atoms, there is also a second case to consider. If a query Q contains a negative atom ¬R(x) such
that τ assigns every variable of x and τ(x) ∈ R, then partial-ansD(Q, τ) = ∅. We now say that a
tuple τ inconsistent with Q if any of these two cases arises.

Finally, before presenting the updated version of the algorithm, we introduce a new operation.
Observe that if ¬R(x) is a negative atom of Q such that τ is inconsistent with R(x), then
partial-ansD(Q, τ) = partial-ansD(Q

′, τ)×DW where Q′ = Q\{¬R(x)} and W = var(Q)\(var(Q′)∪
var(τ)) (some variables of Q may only appear in the atom ¬R(x)). This motivates the following
definition: the simplification of Q with respect to τ and D, denoted by Q ⇓ 〈τ,D〉 or simply by
Q ⇓ τ when D is clear from context, is defined to be the subquery of Q obtained by removing
from Q every negative atom ¬R(x) of Q such that τ is inconsistent with R(x). From what
precedes, we clearly have partial-ansD(Q, τ) = partial-ansD(Q

′, τ) × DW where Q′ = Q ⇓ 〈τ,D〉
and W = var(Q) \ (var(Q′) ∪ var(τ)).

The extension of the algorithm then consists in removing these satisfied negative atoms before
looking for connected components. In Algorithm 5.9, this is shown at Line 12.

As for the first version, we provide a quick example of a run of Algorithm 5.9. To avoid
redundancy, we will only focus on the parts that are different due to the addition of negative
atoms.

I Example 5.10 (Running Algorithm 5.9)
We illustrate the previous definitions and a run of Algorithm 5.9 on the following signed query:

Q(x1, x2, x3, x4) : - ¬S(x1, x2, x3, x4), T (x1, x3), R(x2, x4)
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Algorithm 5.9 Computing a �-ordered {×, dec}-circuit representing the answers of an SJQ
1: procedure DPLL(Q, τ,D,≺)
2: input: · Q a join query,

· τ a partial tuple assignment,
· D a database instance for Q,
· ≺ an order on the variables

3: output: a ≺-ordered {×, dec}-circuit for ansD(Q)
4: if (Q, τ) is in cache then return cache(Q, τ)
5: if Q is inconsistent with τ then return ⊥-gate
6: if τ assigns every variable in Q then return >-gate
7: x← max≺var(Q)
8: for d ∈ D do
9: τ ′ ← τ × 〈x← d〉

10: if Q is inconsistent with τ ′ then vd ← ⊥-gate
11: else
12: let Q1, . . . , Qk be the τ ′-connected components of Q ⇓ τ ′

13: for i = 1 to k do
14: wi ← DPLL(Qi, τi,D,≺) where τi = τ ′|var(Qi)

15: if k = 1 then
16: vd ← w1

17: else
18: vd ← new ×-gate with inputs w1, . . . , wk

19: v ← new dec-gate connected to vd by a d-labelled edge for every d ∈ D
20: cache(Q, τ)← v
21: return v
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and the following relations on the binary domain {0, 1}:

S x1 x2 x3 x4 R x2 x4 T x1 x3

0 0 0 0 0 0 0 1
0 1 1 1
1 0
1 1

Executing Algorithm 5.9 then builds the following circuit:

0 1

0 1

0 1

0 1 0 10 1

0 1 0 1

𝑥1

𝑥2

𝑥3

⊥ 𝑥4

⊤ ⊤

×

𝑥4

⊤ ⊤

𝑥3

⊥ ⊤

×

𝑥2 𝑥3

⊥ ⊤

I Details about the run.
While we will not go into all the details of this run, we can focus on the important calls

where the addition of the negative atom modifies the behaviour of Algorithm 5.9.
After building the first few gates, the algorithm will encounter an inconsistency, build

a ⊥-gate (the left-most one) and backtract, setting x3 to 1 to build partial assignment
τ ′ = 〈x1 ← 0, x2 ← 0, x3 ← 1〉 on Line 9.

Now, observe that Q ⇓ τ ′ only contains the atom R(x2, x4) because S(x1, x2, x3, x4) is
inconsistent with τ ′ and hence we can remove the negative atom ¬S. Moreover, all variables of
T(x1, x3) are set by τ ′ and it is also removed in Q ⇓ τ ′, which is something that Algorithm 5.5
would have missed.

The τ ′-intersection graph of Q ⇓ τ therefore has only one vertex R(x2, x4). A recursive
call is then issued with input (R(x2, x4), 〈x2 ← 0〉) since τ ′|x2,x4

= 〈x2 ← 0〉. A decision gate
is created for x4, both values 0 and 1 give answers of Q and therefore the calls create two
>-gates.

Now, the algorithm backtracks to the decision gate labelled by x2 and deals with this part
of the recursive call.
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Later, the algorithm will eventually backtrack to the first call in the stack and set τ ′ =
〈x1 ← 1〉 on Line 9. For the same reason as previously, albeit faster, ¬S will be simplified in
Q ⇓ τ ′. Hence the τ ′-intersection graph of Q ⇓ τ ′ has at that point only one vertex for T and
one vertex of R.

However, here, the atoms do not share variables, which means a Cartesian product gate
is created and two recursive calls happen: the first one has parameters (T(x1, x3), 〈x1 ← 1〉)
and the other one (R(x2, x4), 〈〉). The algorithm then treats these two calls, which we will not
describe in detail.

Both Algorithms 5.5 and 5.9 use the observations we made previously when describing the
algorithms to produce a �-ordered {×, dec}-circuit. More precisely:

I Theorem 5.11
Let Q be a signed join query, D a database and ≺ an order on var(Q), then DPLL(Q, 〈〉,D,≺)
constructs a �-ordered {×, dec}-circuit C and returns a gate v of C such that relvar(Q)(v) =
ansD(Q).

Proof. The proof is by induction on the number of variables of Q that are not assigned by τ .
We claim that DPLL(Q, τ,D,≺) returns a gate computing partial-ansD(Q, τ) which is stored into
cache(Q, τ). If every variable is assigned, then DPLL(Q, τ,D,≺) returns either a >-gate or a
⊥-gate depending on whether τ is inconsistent with Q or not, which clearly is partial-ansD(Q, τ).
Otherwise, it returns and adds in the cache a decision gate v connected to a gate vd by a
d-labelled edge for each d ∈ D. We claim that vd computes partial-ansD(Q, τ × 〈x← d〉). It is
enough since in this case, by definition of the relation computed by a decision gate, v computes⋃

d∈D partial-ansD(Q, τ × 〈x← d〉)× 〈τ ← d〉 = partial-ansD(Q, τ).
To prove that vd computes partial-ansD(Q, τ ′) where τ ′ = τ × 〈x ← d〉, we separate two

cases: if τ ′ is inconsistent with Q then partial-ansD(Q, τ ′) is empty and vd is a ⊥-gate, which
is what is expected. Otherwise, let Q1, . . . , Qk be the τ ′-connected components of Q ⇓ τ ′ and
let τi = τ ′|var(Qi)

. From what precedes, we have partial-ansD(Q, τ ′) =×k

i=1
partial-ansD(Qi, τi).

The algorithm uses a gate wi from Line 14, obtained from a recursive call to DPLL(Qi, τi,D,≺)
where the number of variables not assigned by τi in Qi is less than the number of variables
unassigned by τ in Q. Hence, by induction, wi computes partial-ansD(Qi, τi) and since vd is a
×-gate connected to each wi, we indeed have rel(vd) =×k

i=1
partial-ansD(Qi, τi). �

The complexity in the worst case of our DPLL may be high when no cache hit occurs. This
would result in at least |ansD(Q)| recursive calls. However, when ≺ has good properties with
respect to Q, we can prove better bounds. Section 5.4 gives upper bounds on the complexity
of DPLL depending on ≺, using measures first defined in Section 1.2.5, that we will refine to
consider signed join queries.

5.4 Complexity of Exhaustive DPLL
In this section, we focus on measuring the complexity of Algorithm 5.9 depending on the query,
the database, and the order in which we consider the variables.



5.4. Complexity of Exhaustive DPLL 107

5.4.1 Signed Hypergraphs: Definitions and Measures
Since Algorithm 5.9 is designed to work for signed join queries, we naturally generalise some
definitions from Chapter 1 to fit to this context better.

A signed hypergraph is a specification of hypergraphs where we consider both positive and
negative edges. Formally, a signed hypergraph H is defined as H = (V,E+, E−), where E+ is
the set of positive edges and E− the set of negative edges. With H = (V,E+, E−) a signed
hypergraph, we say that H′ is a negative subhypergraph of H, denoted by H′ ⊆− H if it is a
hypergraph of the form H′ = (V,E+ ∪ E′) for some subset E′ ⊆ E−. This definition of signed
hypegraph is coherent with the way negative atoms are handled by Algorithm 5.9. During the
execution of the algorithm, negative atoms may be eliminated as soon as they are satisfied or
detected to be inconsistent with the current partial assignment. As a result, depending on the
database instance and on the explored branch of the search, the algorithm may effectively operate
on a query where only a subset of the original negative atoms remains. In other words, we
consider a subset of the negative edges as if they were positive.

We can also generalise the notion of hyperorder width to signed hypergraphs. To measure the
signed hyperorder width of a signed hypergraph, we find, for a fixed order ≺ over the vertices of
the hypergraph, the worst possible hyperorder width over all possible subhypergraphs H′ ⊆− H.
We can then compare the results for all the possible orders over the vertices and take the best
out of those. This is what is described in Definition 5.12 with the min over the orders of the max
of the widths.

In this sense, signed hyperorder width captures the intrinsic difficulty of a signed join query
under variable elimination, independently of which negative constraints are actually active on a
given database instance.

More formally, we have the following definition:

I Definition 5.12 (Signed (fractional) hyperorder width)
Let H = (V,E+, E−) be a signed hypergraph. Given an order ≺ on V , we define:

I the signed hyperorder width of ≺ for H, denoted show(H,≺) and the corresponding
signed hyperorder width of H, denoted show(H), as:

show(H,≺) = maxH′⊆−Hhow(H,≺)
show(H) = min≺show(H,≺)

and its fractional counterpart:
I the signed fractional hyperorder width of ≺ for H, denoted sfhow(H,≺) and the corre-

sponding signed fractional hyperorder width of H, denoted sfhow(H) as:

sfhow(H,≺) = maxH′⊆−Hfhow(H,≺)
sfhow(H) = min≺sfhow(H,≺)

5.4.2 Compilation Complexity
The complexity of our version of DPLL from Algorithm 5.9 on a conjunctive query Q and
considering an order ≺ can be bounded in terms of the hyperorder width of H(Q) with respect
to ≺:
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I Theorem 5.13
Let Q be a signed join query, D a database over domain D and ≺ an order on var(Q). Then
DPLL(Q, 〈〉,D,≺) produces a �-ordered {×, dec}-circuit C of size O((polyk|Q|) · |D|k · |D|) such
that rel(C) = ansD(Q) and:

k = fhow(H(Q),≺) if Q is positive,
k = show(H(Q),≺) otherwise.

Moreover, the runtime of DPLL(Q, 〈〉,D,≺) is at most Õ(polyk(|Q|) · |D|k · |D|).

The rest of this section is devoted to proving Theorem 5.13. For this proof, we fix a signed join
query Q that has exactly one 〈〉-component. Note that this can be done without loss of generality
since the case where Q has many 〈〉-components can be easily dealt with by constructing the
Cartesian product of each 〈〉-component of Q. We also fix a database D and an order ≺ on
var(Q) = {x1, . . . , xn} where x1 ≺ · · · ≺ xn. We let D be the domain of D, n be the number
of variables of Q and m be the number of atoms of Q. To ease notation, we will write X
instead of var(Q). For i 6 n, we denote {x1, . . . , xi} by X�xi

. Similarly, X≺xi
= X�xi

\ {xi},
X�xi

= var(Q) \X�xi
and X�xi

= var(Q) \X≺xi
.

Finally, we let RD
Q be the set of (K,σ) such that DPLL(Q, 〈〉,D,≺) makes at least one recursive

call to DPLL(K,σ,D,≺) and such that K is consistent with σ.
Our first step consists in bounding the size of the circuit and the runtime in terms of the

number of recursive calls, which we formalise in Lemma 5.14:

I Lemma 5.14
DPLL(Q, 〈〉,D,≺) produces a circuit of size at most O(|RD

Q| · |D| · poly(|Q|)) in time Õ(|RD
Q| ·

|D| · poly(|Q|)).

Proof. Given (K,σ) ∈ RD
Q, we bound the number of edges created in the circuit during the first

recursive call with these parameters. There are at most m+1 such edges for each d ∈ D. Indeed,
for a value d ∈ D, there are at most m σ′-connected components for σ′ = σ×〈x← d〉, hence the
first recursive call creates at most m edges between vd and wi and one edge between v and vd.

Observe that any other recursive call with these parameters will not add any extra edges
in the circuit since it will result in a cache hit. Moreover, any recursive call of the form (K,σ)
with K inconsistent with σ will return a ⊥-gate without creating any new edge. Hence, the size
of the circuit produced in the end is at most |RD

Q| · |D| · (m+ 1) = O(|RD
Q| · |D| · poly(Q)).

Moreover, as we have seen in Chapter 3, each operation in Algorithm 5.9 can be done in time
polynomial in |Q| if one stores the relation using a well-chosen data structure. Indeed, if one
sees a relation R on variables x1 ≺ · · · ≺ xn as a set of words on an alphabet D whose first letter
is xn and last is x1, one can store it as a trie of size Õ(|R|). Then, it is possible to project R
on (x1, . . . , xn−1) in Õ(1) (this is the encoding used in Veldhuizen’s TrieJoin algorithm [Vel14]).
Hence, we can test for inconsistency in time Õ(|Q|) after having fixed the highest variables in
Q to a value d ∈ D by going over every atom of Q. During a recursive call (K,σ) where K is
inconsistent with σ, we have to check for this inconsistency before returning ⊥ and cannot really
do it for free. To simplify the analysis, we assume that this check is performed before calling
the function and hence we can assume every recursive call (K,σ) where K is inconsistent with
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σ is done for free. In other words, we incur the cost of this call to the calling function.
Remark that computing the σ′-connected components can be done in polynomial time in

|Q| since it boils down to finding the connected components of a graph having at most m nodes.
Such a graph can be constructed in polynomial time in |Q| by testing intersections of variables
in atoms. Finally, from the previous discussion, a recursive call to Algorithm 5.9 creates at most
m+ 1 edges for each d ∈ D.

Reading and writing values in the cache can be done in time Õ(poly(|Q|)) by using a hash
table. Indeed, the cached values are subqueries of Q together with partial variable assignments,
hence they can be encoded with O(|Q|log|D|) bits. If we account for the cost of reading the cache
in a recursive call and the cost of checking inconsistency (as explained before) directly on Line 14,
the time for each (K,σ) ∈ RD

Q is Õ(|D|·poly(|Q|)) and the total time is Õ(|RD
Q|·|D|·poly(|Q|)). �

What we still need to do is to bound the size of RD
Q, which is done in two steps.t we formalise

in two lemmas. First, Lemma 5.16 characterises the structure of the elements of RD
Q and second,

Lemma 5.18 shows the connections with the structure of the hypergraph of Q.
However, we first need a few notations. Let Q′ ⊆ Q be a subquery of Q and x, y two variables

of Q′ such that y ≺ x. An x-path to y in Q′ is a list x0, a0, x1, a1, . . . , ap−1, xp where ai is an
atom of Q′ on variables xi, xi and xi+1 are variables of xi, x0 = x, xp = y and xi � x for every
i 6 p. Thus, x-paths to y in the hypergraph of Q′ are simply paths that start from x and ends in
y and are only allowed to go through variables smaller than x.

By extension, given an atom a of Q′, an x-path to a in Q′ is an x-path to some variable y in
a. The x-component of Q′ is the set of atoms a of Q′ such that there exists an x-path to a in Q′.
An x-access to y in Q′, is an x-path to some atom a such that y is a variable of a.

Notice that there is an x-access to y in Q′ if, and only if, y occurs in the x-component of Q′.
Notice that when there is an x-access to y in Q′, it may be the case that x ≺ y.

It turns out that the recursive calls performed by DPLL are in correspondence with the
x-components of some x ∈ X and Q′ ⊆ Q where Q′ is obtained from Q by removing negative
atoms. Intuitively, these removed atoms are the ones that cannot be satisfied anymore by the
current assignment of variables.

This observation is stated formally in Lemma 5.16, whose proof is quite technical, which is in
part due to heavy notations and concepts that are necessary to truly formalise what is happening.
An illustration of the proof of Lemma 5.16 can be found in Figure 5.15.

I Lemma 5.16
Let (K,σ) ∈ RD

Q and let x be the biggest variable of K not assigned by σ. There exists τ a
partial assignment of X�x such that: σ = τ|var(K) and K is the x-component of Q ⇓ τ .

Proof. The proof is done by induction on the order of the recursive calls. We start with the
first call, (Q, 〈〉).

Since, by our original assumption, Q has one 〈〉-component, the xn-component of Q is Q
itself. Moreover, since Q ⇓ 〈〉 = Q, we have that Q is the xn-component of Q ⇓ 〈〉. Now, let
(K,σ) ∈ RD

Q.
By definition, this recursive call is made during the execution of another recursive call with

parameters (K ′, σ′). Assume by induction that, for (K ′, σ′), the statement of Lemma 5.16 holds.
In other words, let x′ be the biggest variable of K ′. Then K ′ is the x′-component of Q ⇓ τ ′ for
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𝜏

𝜎

𝐾 𝑥

Figure 5.15: Illustration of the proof of Lemma 5.16: τ is the assignment of variables so far
when the first recursive call to (K,σ) occurs and it separates Q into disjoint τ -components.

Some negative atoms of Q (represented with dashed edges) have been simplified away in Q ⇓ τ .
K, in red, is a τ -connected component of Q ⇓ τ : it is connected only through the atoms not

simplified in Q ⇓ τ . σ is the part of τ that sets variables in K, and x is the largest variable of K
not assigned by σ. Lemma 5.16 proves that K is exactly the x-component of Q ⇓ τ , that is,
every atom that can be reached from x using atoms in Q ⇓ τ and variables smaller than x.

some partial assignment τ ′ of X�x′ such that τ ′|var(K′) = σ′. The recursive call then made to
(K,σ) has the following form: σ = σ′′|var(K) where σ′′ = σ′ × 〈x′ ← d〉 for some d ∈ D and K is a
σ′′-component of K ′ ⇓ σ′′.

We claim that K is the x-component of Q ⇓ τ , where τ = τ ′ × 〈x′ ← d〉. First, observe
that every atom a of K is in Q ⇓ τ . This is because, if a is positive, then a is also in Q ⇓ τ by
definition. On the contrary, if a = ¬R(x) is negative, we claim that a is not inconsistent with τ .
Indeed, by induction, a is in Q ⇓ τ ′, hence it is not inconsistent with τ ′. Now, since a is also
in K and K is a subset of K ′ ⇓ σ′′ and σ′′(x′) = d, we know that a is not inconsistent with
τ ′ × 〈x← d〉 which is τ by definition. Therefore, a is in Q ⇓ τ .

Now let a be an atom of K. K is a σ′′-connected component of K ′ ⇓ σ′′. Hence, by definition,
we have a path in K from x to some variable y in a that does not use any variable assigned
by σ′′, which is equivalent to saying that it does not use any variable assigned by σ since, by
definition, σ = σ′′|var(K). As x is defined to be the biggest variable of K that is not assigned by
σ, the path from x to y only uses variables smaller than x. In other words, there is an x-path
to y in K. That is, every atom a of K is in the x-component of Q ⇓ τ .

Finally, let a be an atom that is in the x-component of Q ⇓ τ . Let y be a variable in a such
that there is an x-path to y in Q ⇓ τ . We call this path p, and start by showing that p is also
in K ′. Since Q ⇓ τ ⊆ Q ⇓ τ ′, p is also an x-path to y of Q ⇓ τ ′. As x is occurring in K and
K ⊆ K ′, x occurs in some atom of K ′. Moreover, as K ′ is the x′-component of Q ⇓ τ ′, there is
an x′-path to x, call it p′, in K ′. Since K ′ ⊆ Q ⇓ τ ′, p′ is also an x′-path to x in Q ⇓ τ ′. The
path p′p, obtained by concatenating the paths p′ and p in Q ⇓ τ ′, is an x′-path to y in Q ⇓ τ ′.
Since K ′ is the x′-component of Q ⇓ τ ′, p′p is in K ′ and hence p is in K ′.

We now show that p is in K. By definition, K is the σ′′-connected component of K ′ ⇓ σ′′

that contains x. In particular, it contains every path from x to other variables in K ′ that does
not pass through x′. As p is an x-path to y, it cannot pass through x′ (since x ≺ x′) and is thus
in K ′. This finally shows that a is in K and concludes the proof. �

The following lemma establishes a connection between x-components and the structure of the
underlying hypergraph. In essence, it allows us to bound the number of atoms needed to cover
X�x in an x-component using the signed hyperorder width. Figure 5.17 illustrates the lemma
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and give an idea of the proof.

𝐾𝑖

𝐾𝑖 ∩ 𝑋≻𝑥𝑖

𝑥𝑖 𝑥𝑎 …

…

…

𝑥𝑏 𝑦

𝑋≻𝑥𝑖

𝑥𝑖

𝑁𝐻𝑖 (𝑥𝑖)

𝑦

𝑋≻𝑥𝑖

Figure 5.17: Illustration of Lemma 5.18: in the first picture, Ki is pictured on the left and the
yellow area represents the variables in Ki that are greater than xi, that is, that can be reached
by following paths of variables smaller than xi. When removing variables smaller than xi, these
paths are progressively merged into the neighbourhood of xi, resulting in the second picture: in
Hi, the neighbourhood of xi is exactly the yellow area from the first picture, that is, the vertices
of Ki greater than xi. Every other variable from Ki has been removed. The proof of Lemma 5.18

consists in proving by induction on the paths’ length that both yellow areas are the same.

I Lemma 5.18
Let Q be a signed join query on variable set X = {x1, . . . , xn}. Let 1 6 i 6 n and Ki the
xi-component of Q. We let H be the hypergraph of Q, H1 = H and Hj+1 = Hj/xj . We have
NHi

(xi) = var(Ki) ∩X�xi
.

Proof. The proof is by induction on i.
We start by proving the equality for i = 1. Since there are no variable of K1 smaller than x1,

it is clear that K1 = {a ∈ atoms(Q) | x1 ∈ var(a)}. Hence var(K1)∩X�x1
= var(K1). Moreover,

NH(x1) is exactly the set of variables of atoms of Q containing x1 since there is one hyperedge
in H per atom of Q. Hence, var(K1) ∩X�x1

= NH(x1) = NH1
(x1), the last equality being a

consequence of H1 = H.
Now assume that the equality has been established up to xi−1. We start by proving that

var(Ki) ∩ X�xi ⊆ NHi(xi). Let w ∈ var(Ki) ∩ X�xi . First assume w ∈ NH(xi). That is,
there is an edge e in H such that both w and xi are in e. Moreover, it is easy to see that
e \ {x1, . . . , xi−1} is an edge of Hi. Therefore, it is clear that w ∈ NHi

(xi). Otherwise, if
w /∈ NH(xi), as w ∈ var(Ki), by definition of Ki, there is an xi-access of length greater than 1
to w in Ki.

Let xj be the biggest node on that path that is different from xi. By definition, an xi-access is
an xi-path and j < i. Moreover, splitting that of xi-access at xj gives an xj-access to xi and an
xj-access to w in Ki. Thus, xi and w occur in the xj-component of Ki. Since Ki ⊆ H, they also
occur in Kj , the xj-component ofH. By induction, we thus have w ∈ NHj

(xj) and xi ∈ NHj
(xj).

Hence w and xi are neighbours in Hj+1 since the edge NHj
(xj) \ {xj} has been added in Hj+1.

In particular, since i > j, it means that Hi contains the edge NHj
(xj) \ {xj , . . . , xi−1}, which

contains both w and xi, hence w ∈ NHi(xi). This establishes the first part of the proof, that is,
var(Ki) ∩X�xi ⊆ NHi(xi).

We now prove the converse inclusion. Let w ∈ NHi(xi). By definition, w ∈ X�xi since
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x1, . . . , xi−1 have been removed in Hi. It remains to prove that w is in an atom a such that
there is an xi-path to a. If xi and w are neighbours in H, then it means that they appear
together in an atom of Q and it is clear that w ∈ var(Ki). Otherwise, let j be the smallest value
for which w ∈ NHj

(xi), which exists since w ∈ NHi
(xi). We must have j > 1 since xi and w

are not neighbours in H = H1. The minimality of j implies that xi and w are not neighbours in
Hj−1. Since the only edge added in Hj is NHj−1(xj−1) \ {xj−1}, it means that both xi and w
are neighbours of xj−1 in Hj−1, that is, xi ∈ NHj−1

(xj−1) and w ∈ NHj−1
(xj−1). By induction,

both xi and w are variables of Kj−1. In other words, there is an xj−1-access to xi and an
xj−1-access to w in Kj−1. Since j − 1 < i, the paths that constitute these xj−1-accesses only
pass through variables y so that y ≺ xj−1 ≺ xi. This shows that that there is an xi-access to
w in Kj−1. So w is in the xi-component of Kj−1 and thus in the xi-component of H. Hence
w ∈ var(Ki). �

Finally, we are now ready to prove the upper bound on |RD
Q| depending on the width of ≺.

I Lemma 5.19
Let m be the number of atoms of Q and n the number of variables. We have:

if Q is a positive join query, |RD
Q| 6 n|D|k where k = fhow(H(Q),≺).

otherwise |RD
Q| 6 nmk+1|D|k where k = show(H(Q),≺).

Proof. We start with the case where Q is a positive join query. Let (K,σ) ∈ RD
Q. In this case,

we know by Lemma 5.16 that K is the xi-component of Q ⇓ τ for some τ ⊇ σ. Now, since
Q does not have negative atoms, Q = Q ⇓ τ since Q ⇓ τ is obtained from Q by removing
negative atoms only. In other words, K is the xi-component of Q and σ assigns the variables of
K that are greater than xi. We also know that σ is not inconsistent with the atoms of K by
definition of RD

Q. Hence, σ satisfies every atom of K when projected on X�xi
. By Lemma 5.18,

var(K) ∩X�xi = Nxi(Hi) where Hi is defined as in Lemma 5.18. Thus, by definition, there
exits a fractional cover of NHi(xi) using the atoms of Q with value at most k = fhow(H(Q),≺).
In other words, σ can be seen as the projection on var(K) ∩X�xi

of an answer of the join of
the atoms involved in the fractional cover. By the AGM bound (see Definition 2.7), this join
query has at most |D|k answers. Hence, there are at most n|D|k possible elements in RD

Q: there
are at most n xi-components (one for each i 6 n), and at most |D|k associated assignments σ
to each component.

The case of signed queries is similar but requires more attention. Again, for (K,σ) ∈ RD
Q,

we know that K is the xi-component of Q ⇓ τ for some τ ⊇ σ and, as before, τ is consistent
with every positive atom in Q ⇓ τ . Moreover, if ¬R(x) is an atom of Q ⇓ τ , then τ is
consistent with R(x), since otherwise ¬R(x) would not be in Q ⇓ τ . Now, let H′ be the
hypergraph of Q ⇓ τ . By definition, it is a subhypergraph of H(Q), where only negative
edges have been removed. Hence, by Lemma 5.18, var(K) ∩X�xi = NH′

i
(xi) is covered by at

most show(H′,≺) 6 show(H(Q),≺) = k edges. Hence, σ, which corresponds to τ restricted to
var(K) ∩X�xi

, can be seen as the projection to var(K) ∩X≺xi
of an answer of a positive join

query having at most k atoms of Q. Indeed, even if an edge of H(Q) used to cover var(K)∩X�xi

corresponds to a negative atom ¬R of Q, we know that τ is consistent with R, otherwise, the
atom ¬R would have been simplified by τ in Q ⇓ τ .

Consider Ik(Q) to be the following set: Ik(Q) contains every pair (L,α) such that L is a
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subset of at most k atoms P1, . . . , Pk1
,¬N1, . . . ,¬Nk2

of Q (that is k1 + k2 6 k) and α is a
solution of the join query with atoms P1, . . . , Pk1

, N1, . . . , Nk2
on D. By definition, it is easy to

see that |Ik(Q)| 6 mk+1|D|k. Indeed, there are at most
∑k

j=1

(
m
j

)
6 mk+1 choices for L and

since α is an answer of a positive join query having at most k relations, there are at most |D|k
such answers.

From what precedes, we know that for every (K,σ) ∈ RD
Q, there exists some α such that

(K,α) ∈ Ik(Q) and σ = α|var(K)∩X�xi
for some xi ∈ X. Hence there are at most nmk+1|D|k

elements in RD
Q, the extra n-factor originating from the choice of xi. �

At this point, Theorem 5.13 becomes a direct corollary of Lemmas 5.14 and 5.19. If Q is
not 〈〉-connected, then the first recursive call of DPLL will simply break Q into at most O(m)
connected components and recursively call itself on each now 〈〉-component of Q.

Observe that our result is based on signed hyperorder width, which is not the fractional
version. This is because, with our current understanding of the algorithm, we are not able to
prove a polynomial combined complexity bound on the runtime of DPLL when only the signed
fractional hyperorder width is bounded. Indeed, the proof of Lemma 5.19 breaks in this case.

The proof would be analogous up to the definition of Ik(Q). Indeed, to account for fractional
cover, we should not consider Ik(Q) anymore but Jk(Q) defined as follows: Jk(Q) contains every
pair (L,α) such that L is a subset of atoms P1, . . . , Pk1

,¬N1, . . . ,¬Nk2
of Q having a fractional

cover of at most k and α is a solution of the join query with atoms P1, . . . , Pk1
, N1, . . . , Nk2

on
D. Now, bounding the number of α once L is fixed by |D|k can still be done by Definition 2.7 but
we cannot bound the number of distinct L by mk+1 anymore.

At this point, it is not clear to us whether this number can be bounded by a polynomial
(where k is considered a constant) in m. The best that we can do is to bound this number by 2m,
that is, just saying that L is one subset of atoms of Q. By doing this, we can still bound |RD

Q| by
2mn|D|k which yields the following result:

I Theorem 5.20
Let Q be a signed join query with n variables and m atoms, D a database over domain D and
≺ an order on var(Q).

Then DPLL(Q, 〈〉,D,≺) produces a �-ordered {×, dec}-circuit C of size O((2mpoly(|Q|) ·
|D|k · |D|) such that rel(C) = ansD(Q) where k = sfhow(H(Q),≺).

Moreover, the runtime of DPLL(Q, 〈〉,D,≺) is at most Õ(2mpoly(|Q|) · |D|k · |D|).

5.5 Reducing the Domain Size
In this section, we explain how one can remove the |D| factor in the complexity of our version
of DPLL from Algorithm 5.9. This is desirable since this extra factor shows a gap between our
approach and the optimal bound. We start by observing that this factor is not an over-estimation
in the analysis of the algorithm but that it can effectively appear on a concrete example.

I Example 5.21
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Consider the following query:

Q : - A(x1), B(x2), ¬R(x1, x2)

I Note: this query has already been considered by Zhao, Fan, Ouyang, and Koutris [Zha+24]
for similar reasons.

Consider the order x1, x2 and take A(x1) = [d], B(x2) = [d] and R(x1, x2) = {(v, v) | v ∈ [d]}.
In practice, this implies that ¬R(x1, x2) enforces x1 6= x2.

The size of the database is O(d), and the signed hyperorder width of Q is 1, but DPLL
will produce a quadratic size circuit. Indeed, ¬R(x1, x2) prevents DPLL from creating any
Cartesian product gates.

Moreover, for d′ ∈ [d], Q ⇓ 〈x1 ← d′〉 is
(
B(x2), x1 6= x2

)
. Therefore, for d′ 6= d′′,

(Q ⇓ 〈x1 ← d′〉, 〈x1 ← d′〉) and (Q ⇓ 〈x1 ← d′′〉, 〈x1 ← d′′〉) are syntactically distinct: since
they do not assign the same value to x1, no caching occurs on the recursive calls for each
value of [d] assigned to x1. In turn, this implies that the resulting circuit will have size O(d2)
since the returned circuit is essentially a tree with one path for each solution of the form
〈x1 ← d1, x2 ← d2〉 and d1 6= d2.

To overcome this inefficiency, we rely on a simple trick, in the same way as in Chapter 3.
This trick was already used in the design of worst-case optimal join algorithms (see [CIS25] or
Section 3.3.3 for example), and consists in encoding the domain over the Boolean domain and
transforming the query and the database accordingly. It turns out that this transformation can
be done in a way that preserves the structure of the query. Moreover, the isomorphism between
the answers of the original query and the answers of the transformed one preserves the order. In
Chapter 6, this will also allow us to get direct access to the answers of the original query from
the answers of the transformed one.

The binarisation operation we will use in this section is the same as the one described in
Chapter 3. While we will not go into the details of the construction and the links between the
original query and database and their binarised version, we start by refreshing a few of the
notations. We will focus on showing that applying this operation to our query and database does
not change the width measure that we use to establish the complexity of Algorithm 5.9.

In this section, we consider a query Q on variables set X, a database D on domain D = [d]
and let b = dlog(d)e. For v ∈ [d], we denote by ṽb the binary encoding of v over b bits and let
ṽb[i] be the ith bit of ṽb for every 1 6 i 6 b. For a variable x ∈ X, we introduce fresh variables
x1, . . . , xb and let X̃b = {xi | x ∈ X, 1 6 i 6 b}. For a tuple τ ∈ DY , we let τ̃ b be the tuple in
DỸ b such that for every y ∈ Y and 1 6 i 6 b, τ̃ b(yi) = τ̃(y)

b
[i]. For a relation R ⊆ DY , we let

R̃b = {τ̃ b | τ ∈ R} ⊆ DỸ b . For a (positive or negative) atom A on variable set Y , we let Ãb be
the corresponding atom on variables set Ỹ b.

We let Q̃b be the query on variables set X̃b whose atoms are Ãb for each atom A of Q. Given
a database D for Q, we let D̃b be a database for Q̃b where every relation symbol R appearing in
Q and interpreted by RD in D is now interpreted by R̃D

b
in D̃b. A visual and concrete example

of the application of binarisation over a query and database can be seen in PEN Example 3.17 .
The natural isomorphism between ansD(Q) and ansD̃b(Q̃

b) is interesting since the analysis of
DPLL made in Theorem 5.13 has a linear dependency in the size of the domain. This domain is
bounded by 2 when considering D̃b instead of D. Since the number of atoms does not change
and the number of variables only increases by a logarithmic factor log|D|, running Algorithm 5.9
on Q̃b and D̃b would offer an improvement on the complexity. However, a necessary condition
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is that the hyperorder width of Q for ≺ and of Q̃b for ≺b are the same, where ≺b is the order
defined on X̃b as xi ≺b yj if, and only if, x ≺ y or x = y and i > j. In other words, if x1, . . . , xn

is the order on X, then the order ≺b on X̃b is xb
1, . . . , x

1
1, . . . , x

b
n, . . . , x

1
n. This is in fact true and

formalised in Theorem 5.22.

I Theorem 5.22
For every join query Q and b ∈ N, the following equalities hold:

show(H(Q̃b),≺b) = show(H(Q),≺)

sfhow(H(Q̃b),≺b) = sfhow(H(Q),≺)

The rest of this section is dedicated to the proof of Theorem 5.22. It is based on the following
notion: given a signed hypergraph H = (V,E+, E−) and a vertex u ∈ V , we define the signed
hypergraph clone(H, u) to be the hypergraph obtained by cloning u in H, that is, by adding a new
vertex u′ in every edge where u appears. More formally, the vertices of clone(H,u) are V ∪ {u′}
where u′ is a fresh vertex not in V and the positive (resp. negative) edges of clone(H,u) are
{e∪{u′} | e ∈ E+, u ∈ e}∪{e ∈ E+ | u /∈ e} (resp. {e∪{u′} | e ∈ E−, u ∈ e}∪{e ∈ E− | u /∈ e}).
We will use clone(e, u) as a shorthand for e ∪ {u′} if u ∈ e and for e otherwise.

It is easy to see that H(Q̃b) can be obtained from H(Q) by iteratively cloning (b− 1) times
each variable x of Q. Proving Theorem 5.22 then boils down to proving that cloning a vertex u
does not change the width of a hypergraph as long as the copy u′ of u is removed right after u.

In other words, we will show that show(H,≺) = show(H′,≺u) and sfhow(H,≺) = sfhow(H′,≺u

) where H′ = clone(H,u) and ≺u is the order obtained from ≺ by inserting u′ after u.
The first thing needed for the proof is to observe that cloning and removing vertices commute

in the following way:

I Lemma 5.23
Let H = (V,E) be a hypergraph and u ∈ V . For every v 6= u, clone(H/v, u) = clone(H,u)/v.

Proof. Since u 6= v, clone(H/v, u) and clone(H,u)/v have the same vertex set. It is then enough
to show that they have the same edges.

Let f be an edge of clone(H/v, u). By definition, either f = clone(e \ {v}, u) for e an edge
of H or f = clone(N ∗H(v), u). In the first case, f = clone(e, u) \ {v} since u 6= v and so it is an
edge of clone(H, u)/v. In the second case, we claim that f = N ∗clone(H,u)(v), and hence f is also
an edge of clone(H,u)/v.

Indeed, we first show f ⊆ N ∗clone(H,u)(v). Let w ∈ f and u′ be the vertex added in clone(H,u).
If w 6= u′, it means that w ∈ N ∗H(v). Hence there is an edge e′ ∈ E such that {w, v} ⊆ e′. In
this case, w is in clone(e′, u). In particular, w ∈ N ∗clone(H,u)(v). Now if w = u′, then it can only
happen if u ∈ f , that is, u ∈ N ∗H(v). In this case, there is e′ ∈ E such that {u, v} ⊆ e′ and in
particular {v, u′} ⊆ clone(e′, u). It means that u′ ∈ N ∗clone(H,u)(v).

We now show N ∗clone(H,u)(v) ⊆ f . Let w ∈ N ∗clone(H,u)(v) and u′ be the vertex added to
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clone(H,u). As before, if w 6= u′, then w ∈ N ∗H(v) and w ∈ clone(N ∗H(v), u). If w = u′, then u
must be in N ∗clone(H,u)(v), but then it means it is in N ∗H(v) too. Hence u′ ∈ clone(N ∗H(v), u).

It remains to show that every edge f of clone(H,u)/v is also an edge of clone(H/v, u). This
is completely symmetrical to the proof above. Indeed, either f = clone(e, u) \ {v} for some e
and since u 6= v, we have f = clone(e \ {v}, u) and it proves that f is an edge of clone(H/v, u),
or we have f = N ∗clone(H,u)(v) but we just proved that f = clone(N ∗H(v), u) which is an edge of
clone(H/v, u). �

We can now address the missing case from Lemma 5.23, where v = u:

I Lemma 5.24
Let H = (V,E) be a hypergraph and u ∈ V . Let H′ = clone(H,u)/u. Then H/u = H′ \ {u′}
and N ∗H′(u′) = N ∗H(u).

Proof. Let f be an edge of H′. We show that f \{u′} is an edge of H/u. By definition, f is either
of the form clone(e, u)\{u} for e an edge of H or N ∗clone(H,u)(u). In the first case, f \{u′} = e\{u}
which is an edge of H/u. In the second case, we clearly have f = N ∗clone(H,u)(u) = N

∗
H(u)∪ {u′}.

Hence f \ {u′} = N ∗H(u) is an edge of H/u.
Similarly, let f be an edge of H/u. We show that either f or f ∪ {u′} is an edge of H′. By

definition, f is either equal to e \ {u} for some edge e of H or f = N ∗H(u). In the first case,
there are two sub-cases depending on whether u /∈ e or u ∈ e.

Assume u /∈ e first. Then f = e is also an edge of clone(H,u), and hence of clone(H,u)/u = H′.
Now if u ∈ e, then clone(e, u) = e ∪ {u′} is an edge of clone(H,u) and then (e \ {u}) ∪ {u′} =
f ∪ {u′} is an edge of H′.

In the second case, we have f = N ∗H(u). But then, as before N ∗clone(H,u)(u) = f ∪{u′}. Hence
f ∪ {u′} is an edge of clone(H,u)/u = H′.

From this analysis, observe that u′ in H′ only appears in N ∗clone(H,u)(u) or in edge f of the
form (e \ {u})∪{u′} where e is an edge of H such that u ∈ e. Therefore, N ∗H′(u′) = N ∗H(u). �

We are now ready to prove the following lemma, which implies Theorem 5.22:

I Lemma 5.25
Let H = (V,E) be a hypergraph, ≺ an order on V and u ∈ V . Let u′ be the clone of u
in H′ = clone(H,u) and ≺u be the order on V ∪ {u′} where u′ is put right after u. Then
how(H,≺) = how(H′,≺u) and fhow(H,≺) = fhow(H′,≺u).

Proof. We write V as u1, . . . , un, with u1 ≺ · · · ≺ un. Assume u = uj and let H0 = H
and Hi = H/u1/ . . . /ui. Moreover, let H′0 = H′ and for i < j, let H′i = H′/u1/ . . . /ui. For
i > j, let H′i = H′/u1/ . . . /uj/u

′/uj+1/ . . . /ui. By Lemma 5.23, for i < j, H′i = clone(Hi, uj).
Hence, it directly follows that NHi(ui+1) = NH′

i
(ui+1) \ {u′} and that cn(NHi(ui+1),H) =

cn(NH′
i
(ui+1),H′) and fcn(NHi(ui+1),H) = fcn(NH′

i
(ui+1),H′).

Up to i = j, removing ui from Hi or H′i results in the same effect on the width. Now,
consider the case where u′ is removed from H′j . By Lemma 5.24, the neighbourhood of u′ in
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H′j is the same as the neighbourhood of uj in Hj−1. Thus it can be covered with the same
(fractional) number of edges and hence removing u′ from H′j does not increase the width of the
order.

Finally, we observe that by Lemma 5.24 once more, H′j/u′ = Hj . Indeed, since N ∗H′
j
(u′) =

N ∗Hj−1
(uj), H′j/u′ does not introduce any new edge and then H′j/u′ = H′j \ {u′} which is equal

to Hj−1/uj = Hj by Lemma 5.24. Thus, by a direct induction, H′i = Hi for i > j.
This concludes our proof that both elimination orders have the same width. �

The last remaining task is to generalise Lemma 5.25 to signed hyperorder width:

I Lemma 5.26
Let H = (V,E+ ∪ E−) be a signed hypergraph, ≺ an order on V and u ∈ V . Let u′ be the
clone of u in H′ = clone(H,u) and ≺u be the order on V ∪ {u′} where u′ is put right after u.
Then show(H,≺) = show(H′,≺u) and sfhow(H,≺) = sfhow(H′,≺u).

Proof. Let H0 ⊆− H be a negative subhypergraph of H and let H′0 = clone(H0, u). It is easy
to see that H′0 is a negative subhypergraph of H′. By Lemma 5.25, how(H0,≺) = how(H′0,≺u)
and fhow(H0,≺) = fhow(H′0,≺u). Therefore, show(H,≺) 6 show(H′,≺u) and sfhow(H,≺) 6
sfhow(H′,≺u).

Similarly, for a negative subhypergraph H′0 of H′, there is a negative subhypergraph H0 of
H such that H′0 = clone(H0, u). In this case, we similarly get show(H,≺) > show(H′,≺u) and
sfhow(H,≺) > sfhow(H′,≺u), which concludes the proof. �

Theorem 5.22 is a direct consequence of Lemma 5.26 since H(Q̃b) is obtained by cloning each
vertex of H(Q) b times and the copies xi of vertex x are consecutive in ≺b.

I Remark 5.27
Consider once again the instance

Q : - A(x1), B(x2), ¬R(x1, x2)

from PEN Example 5.21 where we proved that caching would never occur with this instance,
resulting in a circuit of size at least Õ(d2).

Running DPLL on Q̃b however, will result in cache hits now happening often. Indeed,
assume that the algorithm is in a state where every copy xb

1, . . . , x
1
1 of x1 was set already to

values vb, . . . , v1 and the algorithm is now setting variables xb
2, . . . , x

1
2. Observe that as soon

as some copy xi
2 is set to the value 1− vi, then ¬R̃b is satisfied since the value assigned to x1

is necessarily different from the value assigned to x2. Thus, the atom ¬R̃b is now simplified
away and caching can occur. Each subset of B̃b where some prefix of xb

2, . . . , x
1
2 will be cached,

which boils down to d · logd values, which is less than the Õ(d2) from PEN Example 5.21 .

We conclude this section by stating how one can use binarisation as a means of improving the
construction of ordered {×, dec}-circuits representing answers of signed conjunctive queries.
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I Theorem 5.28
Let Q be a signed join query, D a database over domain D and ≺ an order on var(Q). Then
DPLL(Q̃b, 〈〉, D̃b,≺b) produces a �b-ordered {×, dec}-circuit C of size Õ((polyk|Q|) · |D|k) on
domain {0, 1} such that rel(C) = ansD(Q̃

b) and:
k = fhow(H(Q),≺) if Q is positive,
k = show(H(Q),≺) otherwise.

Moreover, the runtime of this construction is at most Õ(polyk(|Q|) · |D|k).

Proof. This is simply Theorem 5.13 applied to Q̃b with |D| = 2 together with the fact that
sfhow(H(Q̃b),≺b) = sfhow(H(Q),≺) and fhow(H(Q̃b),≺b) = fhow(H(Q),≺) from Theorem 5.22.

�

5.6 Conclusion
In this chapter, we have seen join query evaluation as a compilation task. Instead of enumerating
answers naively, we build on the work we introduced in Chapter 3 and build a data structure
that represents the answer set of the query. This new data structure is a relational circuit that
leverages factorisation of gates and independent subquery evaluation to be more compact. We
then extended this construction to queries with negative atoms. This extension of queries brings
more challenges, but also new possibilities for decomposition and simplification.

The main result of this chapter is that it is possible to compile a (signed) join query over a
database instance into an ordered {×, dec}-circuit representing the answer set of the query. The
complexity of this compilation is formalised in Theorems 5.20 and 5.28. The two most important
elements in the complexity analysis are the (signed) fractional hyperorder width of the order we
consider over the variables and the size of the domain. In Section 5.5, we show that we can use
the same method as in Chapter 3 to reduce the size of the domain to a manageable constant (in
our case, 2 by binarisation).

In Chapter 6, we take advantage of the structure of ordered {×, dec}-circuits to efficiently
answer direct access tasks for signed join queries.
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Chapter 6

Direct Access for Conjunctive Queries with Negations

To be, or not to be: that is the question...

Hamlet

Given a conjunctive query Q and a database D, direct access to the answers of Q over D is the
operation of returning, given an index k, the kth answer for some order on its answers. While
this problem is #P-hard in general with respect to combined complexity, many conjunctive
queries have an underlying structure that allows for a direct access to their answers for some
lexicographical ordering. This direct access takes polylogarithmic time in the size of the database
after a polynomial preprocessing time. Previous work has precisely characterised the tractable
classes and given fine-grained lower bounds on the preprocessing time needed depending on the
structure of the query.

In this chapter, we generalise these tractability results to the case of signed conjunctive queries,
that is, conjunctive queries that may contain negative atoms. Our technique is based on ordered
{×, dec}-circuits, which we introduced in Chapter 5 as a class of circuits that can represent
relational data. This chapter is based on the methods first presented in [CI24; Cap+25].

We will start by reducing the problem of direct access for signed join queries to the problem of
direct access for positive join queries. This will allow us to use existing results from the literature,
and notably existing complexity bounds. However, this algorithm, if optimal in data complexity,
has an exponential complexity in the size of the query. We subsequently offer a resolution to this
problem by using the properties of ordered {×, dec}-circuits. We will use the bounds on the size
of the circuit needed to represent the answer set of signed conjunctive queries from Chapter 5,
that depend on their structure. Both results combined together allow us to prove the tractability
of direct access for a large class of conjunctive queries. We will also use these results to show that
both the class of β-acyclic negative conjunctive queries and the class of bounded nest set width
negative conjunctive queries admit tractable direct access.
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6.1 Setting the Stage
Before we dive into the main contributions of this chapter, we recall some useful notations from
Chapter 1 and introduce some new concepts that will prove important later on.

In our model of computation, it is known that radix sort allows us to sort m value whose total
size is bounded by n in time O(m + n) [Cor+22]. This fact will allow us to sort the relations
of a database D in time O(|D|), which will prove to be very useful in the algorithms we will
present here. Indeed, we will rely on the relations being sorted to efficiently count the sizes of the
relations restricted to certain variable assignments.

In Chapter 1, we defined a relation R on domain D as a finite set of tuples of same arity.
More formally, in the named perspective, given a variable set X, a relation is a set of tuples over
these variables R ⊆ DX . We also defined a filtering operation on relations, denoted by σF (R),
that represents the subset of R where a logical formula F is true. We assume that F can be
build using a conjunction of atomic formulas of the form x = d, x < d, x 6 d, x > d, x > d, for a
variable x ∈ X and a domain value d ∈ D. For example, σx6d(R) contains all the tuples τ ∈ R
such that τ(x) 6 d.

Of course, this does not make sense if we do not have an order on the answers of the query.
Throughout this chapter, we will assume that both the domain D and the variables set X are
totally ordered. We denote the order on the domain values by < and the order on the variables
by ≺. To ease notations, we will also often write that D = {d1, . . . , dp} with d1 < · · · < dp and
X = {x1, . . . , xn} with x1 ≺ · · · ≺ xn. For a subset of variables Y ⊆ X, we denote by min≺(Y )
(or min(Y ) if the order is clear from the context) the minimal element of Y with respect to ≺. We
will also often refer to the lexicographical order ≺lex induced by < and ≺. To ease the notations,
for an integer k 6 #R, we will denote by R[k] the kth tuple in R with respect to the order ≺lex.

6.1.1 Assigning a Value in τ

One of the core elements of our direct access method will be way in which we choose a value to
assign to each variable in a tuple τ . Lemma 6.1 formalises an observation that will prove to be
useful for the rest of this chapter:

I Lemma 6.1
Let τ = R[k] and let x = min(var(R)). Then the following holds:

τ(x) = min{d | #σx6d(R) > k} .

Moreover, τ = R′[k′], where R′ = σx=d(R) is the subset of R where x = d and k′ = k−#σx<d(R).

Before formally proving this statement, we propose a visual representation in Figure 6.2.
We can now proceed and formally prove Lemma 6.1.

Proof. Let A = {d | #σx6d(R) > k}.
We start by showing that τ(x) ∈ A, meaning #σx6τ(x) > k. Let α ∈ R such that α �lex τ .

Since x is the smallest variable, it follows that α ∈ σx6τ(x)(R) as α(x) 6 τ(x). Moreover, as
there exists exactly k such assignments α (by definition of τ which is the kth tuple of R), we
have #σx6τ(x)(R) > k.
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𝜏

𝜎𝑥>𝑑

𝜎𝑥=𝑑

𝜎𝑥<𝑑

𝑥

𝑘

𝑘′

#𝜎𝑥<𝑑

Figure 6.2: Visual representation of Lemma 6.1.

The rows represent tuples in increasing order and the columns represent variables. On the left
side, we depict the subsets of the relation for different values of x. On the right side, we depict
the ranks of the tuples in the relation.
The value on x of the kth tuple in R, depicted by a coloured dashed line, is the smallest value
d ∈ D such that R contains more than k tuples with a value smaller or equal to d. For any

smaller value of d, we would be below the dashed line, as there would not be enough tuples. The
value of k′, which is the rank of the tuple in the subrelation σx=d(R), is computed by subtracting

from k the size of σx<d(R).

We now show that, given a value d′ < τ(x), we have that d′ /∈ A and therefore τ(x) is indeed
the smallest value in A. Let α ∈ σx6d′(R). It follows that α(x) < τ(x), and therefore that
α ≺lex τ . We therefore have that σx6d′(R) ⊂ {α | α ≺lex τ}. By definition of τ as the kth tuple,
the latter set has less than k − 1 elements. Hence d′ /∈ A. This shows that τ(x) is indeed the
smallest value d such that there exists at least k tuples α where α(x) 6 d.

The second part of the lemma follows from the following observation: when assigning a
value d to the variable x, one actually removes a certain number of tuples from the initial set.
Specifically, the tuples that assign a different value to x.

By definition, k is the cardinal of the set {τ ′ | τ ′ �lex τ}. This set can also be written as
the disjoint union of the set of tuples where τ ′(x) < d (which are all smaller than τ) and the
set of tuples smaller than τ where τ ′(x) = d. We therefore have k = #{τ | τ(x) < d}+ #{τ ′ |
τ ′ �lex τ, τ ′(x) = d}. By definition, the first set is σx<d(R). The second part of the sum is
exactly the index of the tuple in the subset of R where τ(x) = d. We can rewrite the sum as
k = #σx<d(R) + k′, implying k′ = k −#σx<d(R). �

6.1.2 Direct Access and Ranking
We introduce the problem of ranking as a problem that can be seen as the reverse of direct access.

I Definition 6.3 (Ranking)
Given an ordered set of tuples S and a tuple τ , ranking is the problem of finding the rank of τ
in S, that is, the number of tuples of S that are smaller or equal to τ .

If τ is not in S, then we return the rank of the largest element of S that is smaller than τ .
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If τ is smaller than the first element of S, then we return 0.

Definition 6.3 allows us to formulate the following property:

I Lemma 6.4 (Subtraction Lemma)
Let S be a set ordered by ≺ and let S1, S2 be two subsets of S such that S1 ⊆ S2. Assume
that, for any value k, we can output the kth element of S1 (respectively, of S2) for the order ≺
in time t1 (respectively, in time t2).

Then, given any k, we can output the kth element of S2 \ S1 for the order ≺ in time
C · (t2 + t1 · log|S1|) · log|S2|, for some constant C.

Proof. We observe that having direct access for a set of tuples S in time t implies having ranking
on S in time O(log|S| · t). This holds since we can simply do a binary search on S to find the
correct rank for any given tuple.

Next, we claim that, given an element τ of rank r2 in S2, we can find its rank in the
subtraction of the sets S2 \ S1 in time O(log|S1| · t1).

We use ranking for τ to find its rank r1 in S1. Then, because we have S1 ⊆ S2, we deduce
that the rank of τ in S2 \ S1 is r2 − r1. Finally, we can simply do a binary search over the ranks
of S2 to compute the value of r2.

For each rank r2, we access its element τ in time t2, and check its ranking in S2 \ S1 as
described above. This leads to direct access for S2 \S1 in time O((t2 + t1 · log|S1|) · log|S2|). �

I Example 6.5 (Subtraction via ranking and binary search)
We illustrate Lemma 6.4 on a small ordered universe. Let

S = {1, 2, . . . , 10}, S2 = S, S1 = {3, 6, 7},

ordered by the natural order < and represented in the following illustration. Clearly, S1 ⊆ S2,
and

S2 \ S1 = {1, 2, 4, 5, 8, 9, 10}.

1 2 3 4 5 6 7 8 9 10

3 6 7

1 2 4 5 8 9 10

𝜏

𝑆2

𝑆1

𝑆2 ∖ 𝑆1

We assume that we have direct access to both sets, that is, for any k, we can return the kth
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element of S1 (respectively S2) in time t1 (respectively t2).
As observed in the proof, having direct access to the elements of a set Si implies having

the ability to compute the rank of any element τ ∈ Si by binary search in time O(log|Si| · ti).
In particular, given τ ∈ S2, we can compute its rank r1 in S1 in time O(log|S1| · t1).

I Rank in the difference. Let τ ∈ S2 have rank r2 in S2, and rank r1 in S1. Since S1 ⊆ S2,
exactly r1 elements of S1 appear before τ in the order <. The rank of τ in S2 \ S1 is then
r2 − r1.

For example, for τ = 8, we have r2 = 8 in S2 and r1 = 3 in S1 (since 3, 6, 7 < 8). Therefore,
τ has rank 8− 3 = 5 in S2 \ S1.

I Binary search over S2. To compute the kth element of S2 \ S1, we perform a binary search
over ranks r2 ∈ {1, . . . , |S2|}. For each candidate rank r2, we:

1. access τ = S2[r2] in time t2;

2. compute its rank r1 in S1 in time O(log|S1| · t1); and

3. compare r2 − r1 with k.

The smallest r2 such that r2 − r1 > k yields the desired element.
Suppose we want the 5th element of S2 \ S1. The search could be illustrated as follows:

Step 1 Step 2 Step 3 Step 4

𝑟2 = 6
𝑟1 = 2

𝑟2 − 𝑟1 = 4
❌

𝑟2 = 9
𝑟1 = 3

𝑟2 − 𝑟1 = 6
❌

𝑟2 = 8
𝑟1 = 3

𝑟2 − 𝑟1 = 5
✓

𝑟2 = 7
𝑟1 = 3

𝑟2 − 𝑟1 = 4
❌

While, at Step 2, the search has already found an index which is greater than 5, we have to
check that it is the smallest such index. At the end of the search, we have that the 5th element
of the difference is the 8th element of S2.

I Complexity. The outer binary search performs O(log|S2|) iterations, each iteration costing
t2 +O(log|S1| · t1). This matches the bound stated in Lemma 6.4.

The following lemma will also be useful in the rest of this chapter. A similar claim can be
found in [BCM22a]:

I Lemma 6.6
Assume that we are given a relation R ⊆ DX with X = {x1, . . . , xn} and an oracle A such
that for every prefix assignment τ ∈ D{x1,...,xp} and N ∈ N, it returns the smallest value d ∈ D
such that #σxp+16d(στ (R)) > N and the value #σxp+1<d(στ (R)).

Then, for any k 6 |R|, we can compute R[k] using O(|X|) calls to oracle A.
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Proof. Let α = R[k] be the answer we are looking for. We iteratively find the value of α on
X by applying Lemma 6.1. More precisely, assume that we already know α(x1), . . . , α(xp) for
some p < n. Moreover, we know kp such that α = σβ(R)[kp] where β is the prefix assignment
of {x1, . . . , xp} such that β(xi) = α(xi). We know by Lemma 6.1 that α(xp+1) = min{d |
#σxp+16d(σβ(R)) > kp} and kp+1 = kp −#σxp+1<d(σβ(R)), which we can compute with one
call to oracle A. Therefore, by induction, we can fully reconstruct α with O(|X|) calls to oracle
A. �

6.2 An Optimal, yet Inefficient Algorithm
In this section, we reduce between the problem of answering direct access tasks on join queries
with negative atoms and the problem of answering direct access tasks on positive join queries
(without negative atoms). This reduction will allow us to directly use results from [BCM22a] and
get, for any given Q, an algorithm to answer direct access tasks with optimal data complexity.
Both the algorithm and its optimality will directly follow from the algorithm and the lower bound
of [BCM22a]. However, this algorithm has exponential complexity in the size of the query.

The rest of the chapter will be devoted to the presentation of a both direct and optimal
algorithm with better combined complexity.

6.2.1 Reducing from Join Queries to Positive Join Queries
We start by showing that, in terms of data complexity, and if we ignore polylogarithmic factors,
direct access for a signed query has the same complexity as direct access for the worst positive
query, obtained by considering some of the negated relations to be positive.

A signed join query Q can be seen as a join between two subqueries:
one consisiting of all the positive atoms; and
one consisting of all the negative atoms.

With a slight abuse of notation, we denote this by Q : - P, N. Here, P is the join of the positive
atoms and N the join of the negated atoms.

Let Q be a signed join query. For a set of relations N ⊆ atoms−(Q), we denote by N the same
relations, but considered as if they were positive atoms. Given a disjoint pair (N1,N2) of subsets
of atoms−(Q) that do not have to form a partition of atoms−(Q), we denote by QN1,N2

the query
computed by considering all the relations in N1 as if they were positive atoms, and keeping the
negated atoms of N2 and removing all other negated atoms. That is, QN1,N2

: - P, N1, N2.

I Example 6.7
Consider the following join query:

Q(a, b, x, y, z) : - U(a, b), ¬R(x, y), ¬S(y, z), ¬T(z, x)

Suppose we define N1 = {¬R(x, y)} and N2 = {¬T(z, x)}. Then, we have:

QN1,N2
(a, b, x, y, z) : - U(a, b), R(x, y), ¬T(z, x) .
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I Note: Observe that, since we did not include S in N1 or N2, it is simply absent from
QN1,N2 .

I Remark 6.8
This method of considering some of the negative atoms as positive matches the method we
used in Section 5.4.1 to compute the width of a signed hypergraph.

Establishing our lower bound relies on the following strategy: we show that having direct
access to Q is equivalent to having direct access to QN,∅ for every N ⊆ atoms−(Q), which is
a positive query, and thus for which we already have lower bounds from [BCM22a]. To do so,
we actually prove that this is equivalent to having a direct access to QN1,N2 for every disjoint
N1,N2 ⊆ atoms−(Q). The proof structure we will follow is summarised in Figure 6.9.

𝑄𝑁,∅ 𝑄𝑁1,𝑁2 𝑄
??

trivial

trivial

??
∀𝑁 ⊆ atoms− ∀(𝑁1, 𝑁2) disjoint

subsets of atoms−

Figure 6.9: Reductions between direct access for signed queries and direct access for positive
queries.

We start by showing the reduction on the left of Figure 6.9, from QN,∅ to QN1,N2
for any

disjoint pair (N1,N2). This is formalised in Lemma 6.10.
This establishes the left reduction from Figure 6.9. We prove the right reduction in Lemma 6.10.

I Lemma 6.10
Let Q be a signed join query with n variables. Assume that for all N ⊆ atoms−(Q) we have
direct access for QN,∅ with preprocessing time tp and access time ta.

Then we have direct access to QN1,N2
for any disjoint pair (N1,N2) of subsets of atoms−(Q)

with:

preprocessing time: 2|atoms−(Q)| · tp; and

access time: (A · n · log|D|)2|atoms−(Q)| · ta for some constant A.

Proof. The lemma follows by proving the following statement by induction over the size of N2:

For any subset N1 ⊆ atoms−(Q) such that N1 and N2 are disjoint, we have direct
access for QN1,N2 with preprocessing time 2|N2|·tp and access time (2C·n·log|D|)2|N2|·ta
where C is the constant from Lemma 6.4.

The base case is when N2 = ∅, and it is given by the hypothesis of the lemma statement.
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Now, let us consider N2 to be a non-empty set. Since it is not empty, we can write it as
N2 = N′2 ∪ {¬R(x)}, where ¬R(x) is an arbitrarily chosen atom from N2.

From the induction hypothesis, since |N′2| < |N2|, for any subset N′1 ⊆ atoms−(Q) such that
N′1 ∩N′2 = ∅, we have direct access for the query QN′

1,N′
2

with preprocessing time 2|N2|−1 · tp and
access time (2C · n · log|D|)2|N2|−1 · ta).

We can then rewrite the answer set of QN1,N2
as:

ans(QN1,N2
) = ans(P, N1, N′2, ¬R(x))
= ans(P, N1, N′2) \ ans(P, N1, N′2, R(x)))
= ans(QN1,N′

2
) \ ans(QN1∪{R(x)},N′

2
)

Notice that (N1 ∪ {R(x)},N′2) is a disjoint pair since (N1,N′2 ∪ {R(x)}) is a disjoint pair,
and R(x) does not appear in N2 more than once since we consider self-join free queries. We
know from the induction hypothesis that we have direct access to the answers of both QN1,N′

2

and QN1∪{R(x)},N′
2
. Moreover, since N1 ⊂ N1 ∪ {R(x)} and adding positive atoms can only

restrict the answer set of a query, we have that ansD(QN1∪{R(x)},N′
2
) ⊆ ansD(QN1,N′

2
). We

apply Lemma 6.4 to get direct access to the answers of QN1,N2
. Preprocessing consists in

doing the preprocessing for QN1∪{R(x)},N′
2

and QN1,N′
2
. By induction, both of them take time

2|N2|−1 · tp, hence a preprocessing time of 2|N2| · tp. For the access time, we apply Lemma 6.4
with t1 = t2 = (2C · n · log|D|)2(|N2|−1) · ta and bound S1, S2 with |D|n and get:

2 · (2C · n · log|D|)2(|N2|−1) · ta · (C · n · log|D|)2 6 (2C · n · log|D|)2|N2| · ta

This concludes our induction step. �

We can now present the lower bound for signed join queries in Lemma 6.11.

I Lemma 6.11
Let Q be a signed join query with n variables and without self-joins. Assume we have direct
access for Q with preprocessing time tp and access time ta.

Then, for any disjoint pair (N1,N2) of atoms−(Q), we have direct access to QN1,N2
with:

preprocessing time: 2|atoms−(Q)| · tp; and

access time: (A · n · log|D|)2|atoms−(Q)| · ta for some constant A.

Proof. We prove by induction over the size of N1 that, for any disjoint pair (N1,N2), we have
direct access for QN1,N2

with preprocessing time 2|N1| · tp and access time (2Cn · log|D|)2|N1| · ta
where C is the constant from Lemma 6.4.

The base case is when N1 = ∅. If N2 = atoms−(Q), then since Q∅,atoms−(Q) = Q, it is given
by the hypothesis of the lemma statement. If N2 ⊂ atoms−(Q), then we can use the algorithm
of Q∅,atoms−(Q) for answering Q by setting the negated relations that are not in N2 to be empty.
Notice that we can do so freely because the query has no self-joins.

Now, let us consider N1 to be a non-empty set. We can then denote it as N1 = N′1 ∪ {¬R}.
By induction, we have direct access for the answers of QN′

1,N2
for every N2 disjoint from N1 with
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preprocessing time 2|N1|−1 · tp and access time (2C · n · log|D|)2(|N1|−1) · ta.
We can rewrite the answer set of QN1,N2

as:

ans(QN1,N2
) = ans(P, N1, N2)

= ans(P, N′1, N2, R)
= ans(P, N′1, N2) \ ans(P, N′1, N2, ¬R)
= ans(QN′

1,N2
) \ ans(QN′

1,N2∪{¬R})

We can use the induction hypothesis on both QN′
1,N2

and QN′
1,N2∪{¬R}. Since having more

negated atoms implies that the answer set is more restricted, we have that ansD(QN′
1,N2∪{¬R}) ⊆

ansD(QN′
1,N2

). We apply Lemma 6.4 to get direct access to the answers of QN1,N2
. Preprocessing

takes 2 · 2|N1|−1 · tp = 2|N1| · tp time.
For the access time, we apply Lemma 6.4 by bounding S1 and S2 by |D|n and by using

t1 = t2 = (2C ·n · log|D|)2(|N1|−1) that we have by induction. It gives a total access time bounded
by (2C · n · log|D|)2(|N1|−1) · (C · n · log|D|)2 which is itself bounded by (2C · n · log|D|)2|N1|. This
concludes our induction step. �

The objective at this point is to transfer the knowledge we have about positive queries to
conclude on the complexity of direct access for signed queries. This is formalised in Theorem 6.12.

I Theorem 6.12
Let Q be a self-join free signed join query with n variables, and A be a constant.

If Q has direct access with preprocessing time tp and access time ta, then for all
N ⊆ atoms−(Q) we have direct access for QN,∅ with preprocessing time 2|atoms−(Q)| · tp
and access time (An · log|D|)2|atoms−(Q)| · ta.
If for all N ⊆ atoms−(Q) we have direct access for QN,∅ with preprocessing time tp and
access time ta, then Q has direct access with preprocessing time 2|atoms−(Q)| · tp and
access time (An · log|D|)2|atoms−(Q)| · ta.

Proof. The first part of the statement follows from applying Lemma 6.11 with N2 = ∅.
The second part follows from Lemma 6.10 applied with N1 = ∅ and N2 = atoms−(Q) since
Q∅,atoms−(Q) = Q. �

Theorem 6.12 suggests that answering direct access tasks on a signed join query Q is as hard
as the hardest positive query that can be obtained by keeping only a subset of negative atoms and
turning them positive. The complexity of answering direct access tasks on positive join queries
is well understood from [BCM22a]. We can use this to show upper and lower bounds for direct
access over signed join queries.

6.2.2 An Algorithm for Direct Access on SJQs
In this section, we will prove that there is an algorithm to answer direct access tasks for signed
join queries. This section is base on the results presented in [BCM22a]. However, these results are
expressed as a function of an incompatibility number ι(·, ·). The incompatibility number ι(Q,≺) of
a query Q for an order ≺ on its variables is a function that only depends on Q and the chosen
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order and characterises the optimal preprocessing time needed. We will now connect ι with
hypergraph decomposition techniques, and notably those presented in Sections 1.2.5 and 5.4.1.

The link between the incompatibility number of a query Q and Q’s fractional hypertree width
has already been observed in [BCM22a]. In this section, we revisit this connection and extend
this analysis to signed hypergraphs.

The definition of the fractional hyperorder width of an elimination order ≺ matches the
definition of the incompatibility number ι(Q,�) from [BCM22a] as we will use later. However,
this incompatibility number is stated for the reverse of the elimination order. In this chapter, we
choose to make the connection with the existing literature on elimination orders for hypergraphs
more explicit and hence use the reversed order.

We first state the following:

I Theorem 6.13
For every positive join query Q on variables set X and order ≺ on X, the following holds:

ι(Q,�) = fhow(H(Q),≺) .

The case where ι(Q,�) = 1 therefore matches the case fhow(H(Q),≺) = 1, that is, H(Q) is α-
acyclic and ≺ is an α-elimination order witnessing this acyclicity, as defined in [Bra17]. (Reversed)
orders witnessing this have also previously been called orders without disruptive trio [Car+23],
and exactly match the classical notion of elimination ordering witnessing α-acyclicity1. Here, we
will now mostly use a terminology based on the hypergraph decomposition of the query rather
than the incompatibility number. This is because we also aim at comparing our results with
other results on negative join queries, which are stated in terms of hypergraphs.

In the case of signed join queries, we can match the notion of signed hyperorder width sfhow()
from Chapter 5 to an extended definition of the incompatibility number of a signed join query.
From Definition 5.12 and by Theorem 6.13, we immediately have:

I Theorem 6.14
For every signed join query Q on variables set X and ≺ an order on X, the following holds:

ι(Q,�) = sfhow(H(Q),≺) .

From this point onwards, we will work with hypergraph measures instead of the incompatibility
number when dealing with join queries. We start by restating the upper bound from [BCM22a]:

I Theorem 6.15 ([BCM22a, Theorem 44, restated])
For every self-join free join query Q (that we consider constant) on variables set X and order
≺ on X, the following property holds.

For every database D, direct access tasks for ansD(Q) with order ≺lex can be answered with

1In Brault-Baron’s survey [Bra17], they are called α-elimination orders
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preprocessing time O((p(|Q|) · |D|)fhow(Q,�)) and access time O(p(|Q|) · log(|D|)).

Theorems 6.12 and 6.15 directly imply the following generalisation of Theorem 6.15 to signed
join queries:

I Theorem 6.16
There exists a function g : N → N such that, given a self-join free signed join query Q on
variables set X and an order ≺ on X, the following property holds.

For every database D, direct access tasks for ansD(Q) and order ≺lex can be answered with
preprocessing time g(|Q|) · |D|sfhow(Q,�) and access time g(|Q|) · log2|atoms−(Q)|+1(|D|).

Proof. Let Q be a signed join query, m be the number of negative atoms of Q and let k =
sfhow(Q,�). Moreover, let p be the polynomial from Theorem 6.15.

By definition, we have that for every N ⊆ atoms−(Q), fhow(QN,∅,�)) 6 k. Hence, by
Theorem 6.15, we can solve the direct access task for ansD(QN,∅) using the order ≺lex with
preprocessing time O((p(|Q|) · |D|)k) and access time O(p(|Q|) · log(|D|)).

By Lemma 6.10, we then have direct access for Q on D with preprocessing time

O(2|atoms−(Q)|(p(|Q|)|D|)k)

and access time

O(p(|Q|) · |X| · (A|X|)2|atoms−(Q)| · log2|atoms−(Q)|+1(|D|)) .

Observe that A is a constant and |X| 6 |Q|, hence we can define g(m) = K(p(m) ·m ·A|X|2m)
for some large enough constant K and we have the desired bound: the preprocessing time can
be done in g(|Q|)|D|k and the access time in g(|Q|) · log2|atoms−(Q)|+1(|D|). �

This shows that there exists an algorithm for direct access for signed join queries. We can
now prove its optimality.

6.2.3 Optimality of Direct Access for SJQs
The optimality of the algorithm from Section 6.2.2 has also been shown in [BCM22a]. Their result,
restated with hypergraph measures, is:

I Theorem 6.17 ([BCM22a, Theorem 44, restated])
For every self-join free join query Q (that we consider constant) on variables set X and order
≺ on X, the following property holds.

If there exists a function f : N→ N and ε > 0 such that for every database D and constant
δ > 0, direct access tasks for ansD(Q) with order ≺lex can be solved with preprocessing time
O(f(|Q|) · |D|fhow(Q,�)−ε) and access time O(f(|Q|) · |D|δ), then the Zero-Clique Conjecture is
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false.

The Zero-Clique Conjecture is a widely believed conjecture in the domain of fine-grained
complexity, and expresses that, for every k and ε > 0, there is no randomised algorithm with
complexity O(nk−ε) able to decide whether there exists a k-clique whose edge weights sum to 0
in an edge-weighted graph.

In other words, unless such an algorithm exists, the best preprocessing one can hope for to
solve direct access tasks for positive join queries is O(|D|fhow(Q,�)). The complexity measures
presented in Theorems 6.15 and 6.17 (restated from [BCM22a]) are given in terms of data
complexity. However, it is not hard to see that the dependency on |Q| is polynomial for the
constant fhow(Q,�).

We can now generalise Theorem 6.17 to signed join queries.

I Theorem 6.18
There exists a function g : N → N such that, given a self-join free signed join query Q on
variables set X and an order ≺ on X, the following property holds.

If there exists f : N → N and ε > 0 such that for every database D and constant δ >
0, direct access tasks for ansD(Q) with order ≺lex can be solved with preprocessing time
O(f(|Q|) · |D|sfhow(H(Q),�)−ε) and access time O(f(|Q|) · |D|δ), then the Zero-Clique Conjecture
is false.

Proof. Let Q be a signed join query, m be the number of negative atoms of Q and let k =
sfhow(H(Q),�). Moreover, let p be the polynomial from Theorem 6.17.

Assume that there exists a function f : N→ N and a value ε > 0 such that, for every δ′ > 0,
we have a direct access scheme for Q with preprocessing time O(f(|Q|) · |D|k−ε) and access time
O(f(|Q|) · |D|δ′).

Let N ⊆ atoms−(Q) be such that sfhow(QN,∅,�) = k. Let δ > 0 and set δ′ = δ/2. By
Lemma 6.11, we have direct access to ansD(QN,∅) with preprocessing time O(2|atoms−(Q)|f(|Q|) ·
|D|k−ε) = O(h(|QN,∅|)·|D|k−ε) and access timeO(f(|Q|)·log2|atoms−(Q)|+1(|D|)|D| δ2 ) = O(h(|QN,∅|)·
|D|δ) for some function h : N→ N.

In this case however, by Theorem 6.17, we have an algorithm for QN,∅ whose complexity
implies that the Zero-Clique Conjecture is false. �

Observe that the complexity obtained for the preprocessing of a signed query has an exponential
dependency on the size of the query. This is due to the fact that it is obtained using Lemma 6.10,
which intuitively does a direct access preprocessing for every subquery of Q. This exponential
dependency in |Q| is not present for positive queries in [BCM22a]. Section 6.3 is dedicated to the
design of a better algorithm, using tools from Chapter 5, thus achieving the same data complexity
as in Theorems 6.16 and 6.18, but with a better dependency on |Q| and a more direct algorithm.

We conclude this section with a final observation regarding Theorems 6.16 and 6.18. It is
proved in [BCM22a] that both Theorems 6.15 and 6.17 also hold when Q contains self-joins. This
is however not true for signed join queries which is why we explicitly assumed Q to be self-join
free.

Indeed, for any join query Q containing an atom R(x) and order ≺, the signed query
Q′ : - Q ¬R(x) is such that sfhow(Q,�) = sfhow(Q′,�) can easily be answered with prepro-
cessing and access time independent on |D|, which shows that the lower bound from Theorem 6.18
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does not hold for signed join queries with self-joins. The upper bound, on the other hand, holds,
as we can always consider each occurrence of a relation as an unique relation. Understanding the
complexity of signed join queries with self-joins is an interesting research direction that we will
leave open for future work.

To ease future comparisons, let us unify Theorems 6.15 to 6.18 into one main result:

I Theorem 6.19
There exists a polynomial p such that given a self-join free signed join query Q, on variables
set X and an order ≺ on X, we have:

for every database D, direct access tasks for ansD(Q) and order ≺lex can be answered
with:
preprocessing time: O(2|atoms−(Q)|(p(|Q|) · |D|)k); and

access time: O(p(|Q|) · |X| · log2|atoms−(Q)|+1|D|).
if there exists f : N→ N and ε > 0 such that, for every database D and constant δ > 0,
direct access tasks for ansD(Q) with order ≺lex can be solved with:
preprocessing time: O(f(|Q|) · |D|k−ε); and
access time: O(f(|Q|) · |D|δ)
then the Zero-Clique Conjecture is false.

Here, k is defined as : k = sfhow(H(Q),�).

I Remark 6.20
Notice that, in the case where the query is positive (that is, that there are no negative atoms),
k = sfhow(H(Q),�) = fhow(H(Q),�).

In the rest of this chapter, we propose another, more direct, approach for solving direct access
on signed conjunctive queries. This new approach also reduces the combined complexity to a
polynomial in both |Q| and |D| when parameterising by the non-fractional version of hyperorder
width of Q (that is show(H(Q),≺)). Moreover, the algorithm presented in the next section has a
better access time than the one we obtained in Theorem 6.19.

6.3 Direct Access for Ordered Relational Circuits
In this section, we will take advantage of the structure of ordered {×, dec}-circuits as we defined
them in Chapter 5 to design an algorithm for direct access.

More precisely, we define the notion of direct access tasks for circuits as follows:
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I Definition 6.21 (Direct Access for Circuits)
Let C be a relational circuit on variables X and let ≺ be an order on X. We say that an
algorithm D solves direct access for C and order ≺lex with preprocessing time tp and access
time ta if:

there exists an algorithm P that runs in time tp and builds a data structure C ′; and
there exists an algorithm A that runs in time ta such that, using C ′, it returns the kth

tuple of rel(C) for the order ≺lex on input k.

The main result of this chapter is an algorithm that allows for direct access for an ordered
{×, dec}-circuit on domain D and variables set X. More precisely, we will prove the following:

I Theorem 6.22
Let ≺ be an order on X and C be a ≺-ordered {×, dec}-circuit on domain D and variables set
X, then we can solve direct access tasks on rel(C) for order ≺lex with:

precomputation time: O(|X| · log|X| · |C|); and

access time: O(|X|3 · log|X|+ |X|2 · log|D|)

6.3.1 Preprocessing Phase
In this section, we assume that C is a ≺-ordered {×, dec}-circuit with respect to X. Moreover,
for every decision gate v, we assume that its ingoing edges are stored in a list sorted by increasing
value of their label. More precisely, we assume that the ingoing edges of v are a list [e1, . . . , ek]
such that d1 < · · · < dk where di is the label of ei. If the list of ingoing edges of v was not sorted
we could always sort it. This would cost a time linear in the size of the list, which is the size of
the domain, since we could use radix sort to sort as mentioned in Section 6.1.

The nrelC(·, ·) values

We are interested in the following values: for every decision gate v of C labelled with variable
x and ingoing edges [e1, . . . , ek] with respective labels [d1, . . . , dk], we define for every i 6 k,
nrelC(v, di) as #σx6di

(rel(v)). That is, nrelC(v, di) is the number of tuples from rel(v) that assign
a value on x smaller or equal than di. The precomputation step aims to compute nrelC so that
we can access nrelC(v, di) quickly for every v and di.

I Example 6.23 (An annotated relational circuit)
In this example, we show a {×, dec}-circuit annotated with nrelC values (on the left), and the
relation computed by the circuit (on the right). The domain used is {0, 1, 2} for variables
x1, x2 and x3.

On the circuit, the lists shown to the left of the decision gates represent the values of nrelC
for those gates.
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I Remark: For direct access, the circuit has to be annotated in a more complete way. This
full annotation of the circuit is a bit more complicated and will be described later in this
section.

In this example, each decision-gate is labelled with a list. For a decision-gate v in the
circuit with incoming edges e1, . . . , ek labelled by d1, . . . , dk with d1 < · · · < dk, the ith entry
of the list is nrelC(v, di).

0 1 2

1
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1

0
1

0

2

2
0 2
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0 0 0
0 0 1
0 2 0
0 2 1
1 0 1
1 0 2
1 1 1
1 1 2
1 2 0
1 2 1
2 0 1
2 2 2
2 0 1
2 2 2

For instance, gate v2 is labelled by [1, 2]. This is because the relation computed by v2 is on
variables {x3} and contains two tuples: 〈x3 ← 0〉 and 〈x3 ← 1〉. This implies that there is one
tuple in this relation which sets x3 to a value smaller or equal to 0, and two tuples which set
x3 to a value smaller or equal to 1. Since there is no incoming edge labelled by 2, we do not
need to compute nrelC(v2, 2). That is, nrelC(v2, 0) = 1 and nrelC(v2, 1) = 2.

Incidently, observe that gate v3 is also labelled by [1, 2]. However, in this case, this
corresponds to nrelC(v3, 1) = 1 and nrelC(v3, 2) = 2 since there is no incoming edge labelled
by 0.

The gate v6 is labelled by [2, 4, 6]. This is because there are two tuples with x2 = 0 in
rel(v6). Both of these tuples come from following the 0-labelled incoming edge of v6 from
v3. The size of the relation computed by v3 is 2, which can be read from nrelC(v3, 2). This
implies that nrelC(v6, 0) = 2. Similarly, by following the 1-labelled incoming edge from v3,
we know that there are 2 tuples with x2 = 1 in rel(v6), and thus 4 tuples with x2 6 1, which
means nrelC(v6, 1) = 2 + nrelC(v6, 0) = 4. Finally, we get 2 tuples with x2 = 2 from v2, giving
nrelC(v6, 2) = 2 + nrelC(v6, 1) = 6.

Computing nrelC(·) with dynamic programming

As hinted in PEN Example 6.23 , our algorithm performs a bottom-up computation to compute
nrelC(·, ·) values. However, some other values need to be computed along them to ease later
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computation.
The first extra value we need represents the number of tuples in rel(v) for every gate v of C.

We compute this value inductively.

1. If v is an input gate, then we obviously have |rel(v)| = 0 if it is labelled by ⊥, and |rel(v)| = 1
if it is labelled by >.

2. Now, suppose v is a decision gate on variable x with (sorted) ingoing edges e1 = (v1, v), . . . , ek =
(vk, v) respectively labelled by d1 = `(e1) < · · · < dk = `(ek). For a gate w that is an input
of v, we denote by ∆(v, w) the set of the variables of v that are not variables of w, that is
∆(v, w) = var(v) \ ({x} ∪ var(w)). We can then compute |rel(v)| inductively as:

|rel(v)| =
k∑

i=1

|rel(vi)| × |D||∆(v,vi)| (Eq. 6.24)

Similarly, nrelC(v, di) can be computed by restricting the previous relation on the inputs of
v:

nrelC(v, di) =
i∑

j=1

|rel(vj)| × |D||∆(v,vj)| (Eq. 6.25)

In particular, observe that

nrelC(v, d1) = |rel(v1)| × |D||∆(v,v1)|, and
nrelC(v, di+1) = nrelC(v, di) + |rel(vi+1)| × |D||∆(v,vi+1)|

3. Finally, v can also be a Cartesian product gate. In that case, we have that |rel(v)| =∏
w∈input(v) |rel(w)|.

Therefore, one can compute nrelC using a dynamic programming algorithm that inductively
computes nrelC(v, d) for each decision-gate v of the circuit with an ingoing edge labelled by d.
Observe however, that in order to efficiently compute these values, we also need to have easy
access to |rel(v)| and var(v) for every gate v. Fortunately, as we hinted above, these values are
also easy to compute inductively.

More precisely, the dynamic programing algorithm works as follows: we start by performing a
topological ordering (v1, . . . , vN ) of the gates of C that is compatible with the underlying DAG of
the circuit. In particular, it means that for a gate v and an input w of v, the topological ordering
has to place w before v. This can be computed in time O(|C|).

We dynamically compute, for every gate v, the values |rel(v)|, the sets var(v), and, if v is a
decision gate with an ingoing edge labelled by d ∈ D, we also compute nrelC(v, d).

For this, we proceed in the following way: first, we allocate a table Trel of size N such that for
i 6 N , Trel[i] is initialised to 0. At the end of the algorithm, Trel[i] will contain |rel(vi)|. We also
allocate a table Tvar such that for i 6 N , Tvar[i] is initialised with a |X|-bitvector containing only
0. At the end of the algorithm, Tvar[vi][k] is 1 if, and only if, xk ∈ var(vi). This initialisation step
takes O(N · |X|) = O(|C| · |X|).

We now initialise TnrelC of size N where, for i 6 N , the entry TnrelC [i] is intialised with an
array of size |input(vi)| containing only −1 values. Clearly, TnrelC has size O(|C|) since it contains
one entry per edge of C. At the end of the algorithm, for i 6 N , if vi is a decision gate, then
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TnrelC [i][p] contains nrelC(vi, dp) where dp is the label of the pth input of vi. If vi is a Cartesian
product gate or an input gate, TnrelC [i] is not relevant and is not modified after the initialisation.

We then populate each entry of these tables following the previously constructed topolog-
ical ordering and using the relations written above (see Equation (6.25) and Equation (6.25))
and the fact that var(v) =

⋃
w∈input(v) var(w). To compute nrelC for a decision gate v, we let

(w1, v), . . . , (wk, v) be the incoming edges of v ordered by increasing labels d1 < · · · < dk. We set
TnrelC [v, d1] to nrelC(v, d1) which is equal to |rel(w1)| · |D||∆(v,w1)|. We then compute TnrelC [v, di+1]
as TnrelC [v, di] + |rel(wi+1)| · |D||∆(v,wi+1)| using Equation (6.25).

It is clear from Equation (6.25) that, at the end of this precomputation, we have that TnrelC [v, d]
contains nrelC(v, d) if d labels an incoming edge of v. Pseudocode for this preprecossing algorithm
can be found in Algorithm 6.26.

Algorithm 6.26 An algorithm to annotate a circuit C on variables X and domain D
1: procedure Annotate(C, X, D)
2: input: · C an ordered {×, dec}-circuit,

· X a set of variables,
· D a domain for the variables

3: output: an annotated ≺-ordered {×, dec}-circuit for ansD(Q)
4: v1, . . . , vN ← a topological ordering of the gates of C
5: Trel ← table of size N , initialised to 0
6: Tvar ← table of size N , initialised with 0-bitvectors of size |X|
7: TnrelC ← table of size N ;
8: for i = 1 to N do
9: if vi is >-input then Trel[i]← 1; continue

10: if vi is ⊥-input then Trel[i]← 0; continue
11: if vi is a ×-gate then
12: Trel[i]←

∏
vj∈input(vi) Trel[j]

13: Tvar[i]←
⋃

vj∈input(vi)
Tvar[j]

14: else if vi is a decision gate on xk then
15: Tvar[i]← {xk} ∪

⋃
vj∈input(vi) Tvar[j]

16: Trel[i]←
∑

vj∈input(vi) Trel[j]× |D||Tvar[j]\Tvar[i]|−1

17: Order incoming edges (va1
, vi), . . . , (vak

, vi) of vi by increasing label
18: TnrelC [i]← new array of size k initialised to 0
19: TnrelC [i][1]← Trel[a1]
20: for j = 2 to k do
21: TnrelC [i][k]← TnrelC [i][j − 1] + Trel[aj ]
22: return Trel, Tvar, TnrelC

I Example 6.27
From the circuit in PEN Example 6.23 , assume we have populated Trel, Tvar and TnrelC up to i = 6.

We now need to compute the seventh entry of each table.

Since v7 is a ×-gate, we do not need to do anything for TnrelC [7].

Now, Trel[7] must contain the size of the relation computed by v7. Since v7 is a ×-gate, this is
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|rel(v3)|×|rel(v4)| which is equal to Trel[3]×Trel[4] by induction. So we set Trel[7] = Trel[3]×Trel[4].
Similarly, Tvar[7] = Tvar[3] ∪ Tvar[4]. Since Tvar[7] is encoded as a bitvector, the union boils
down to making a bitwise OR operation.

Finally, we need to compute Trel[8], Tvar[8], TnrelC [8]. Since v8 is a decision gate, Tvar[8] =
Tvar[5] ∪ Tvar[6] ∪ Tvar[7] ∪ {x1}. Now, Trel[8] = Trel[5] + Trel[6] + Trel[7]. Observe that, in this
case, we do not need to add a corrective factor ∆(·) since v5, v6 and v7 define relations on
the same variables set. If the variables sets were different however, we would have to adjust
the value following Equation (6.27). It then remains to compute TnrelC [8]. Since v8 has three
incoming edges, we will have to compute TnrelC [8][1], TnrelC [8][2], and TnrelC [8][3]. We order the
edges by increasing label and find that:

TnrelC [8][1] = Trel[5] = 4

TnrelC [8][2] = TnrelC [8][1] + Trel[6] = 4 + 6 = 10

TnrelC [8][3] = TnrelC [8][2] + Trel[7] = 10 + 4 = 14

The following lemma follows directly from the previously described algorithm:

I Lemma 6.28 (Precomputation complexity)
Given a ≺-ordered {×, dec}-circuit C, we can compute a data structure in time O(|X|log(|X|) ·
|C|) that allows us to access in constant time to the following:

var(v), |rel(v)| for every gate v of C; and
nrelC(v, d) for every decision gate v having an ingoing edge labelled by d ∈ D.

Proof. The data structure simply consists of the three tables TnrelC , Trel and Tvar.
It is easy to see that each entry of Tvar can be computed in time O(|X|) since we only have

to compute the union of sets of elements in X and we can use a bitmask of size |X| to do it
efficiently. Indeed, we can represent rel(v) as a bitvector Tvar[v] with |X| entries for each v such
that Tvar[v][i] = 1 if, and only if, xi ∈ rel(v). This implies that computing Tvar[v][i] can be done
by looking at every input w of v and check whether Tvar[w][i] = 1. For each gate w, we will have
one such look-up for each incoming edge and each variable, hence one can compute Tvar in time
O(|C| · |X|).

Now, observe that to compute TnrelC , one has to perform at most two arithmetic operations
for each edge of C. Indeed, to compute Trel[v], one has to perform at most one addition and one
multiplication for each w ∈ input(v), whose cost can be associated to the edge (w, v). Similarly,
to compute TnrelC [v, d] as described in the previous paragraph, we do one addition and one
multiplication for each edge (w, v) in the circuit. Hence, we perform at most O(|C|) arithmetic
operations. The cost of these arithmetic operations is at most O(|X|log(|X|)) in the unit-cost
RAM model (see Chapter 1 for a discussion). Indeed, all operations are performed on integers
representing sizes of relations on a domain D and variables set Y ⊆ X. Their value can therefore
not exceed |D||X|.

Thus, we have a total complexity of O(|X|log(|X|) · |C|). �

6.3.2 Direct Access
We now show how the precomputation from Lemma 6.28 allows us to get direct access for ordered
{×, dec}-circuits. We first show how one can solve a direct access task for any relation as long as
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one has access to very simple counting oracles. We then show that one can quickly simulate these
oracle calls in ordered {×, dec}-circuits using precomputed values.

I Example 6.29 (Direct access over a relational circuit)
In this example, we show how our direct access algorithm works.
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Illustration (a) shows the paths taken in the circuit to evaluate the 7th tuple in the circuit.
The key idea here resides in the fact that we can connect direct access with counting tasks.
If we want the 7th tuple in the circuit, we cannot assign x1 ← 0, since we know that there
are only 4 possible extensions in that case. We should however assign x1 ← 1, since there
are 10 possible assignments with x1 6 1. We then move down the circuit following the edge
labelled by 1, and search in the new gate, but we have to adapt the index since 4 of the possible
extensions have been discarded (because they involve assigning x1 ← 0). We are now therefore
looking for the 7th − 4 = 3rd tuple in this subcircuit. Again, assigning x2 ← 0 will only give 2
possible extensions, which is not enough to find the third solution. Assigning x2 ← 1 however
is enough since there are 4 assignments with x2 6 1. We hence set x2 ← 1 and proceed with
the last decision gate. By assigning x2 ← 1, we discarded 2 tuples, so we are now looking for
the first answer in this last decision gate, which is obtained by setting x3 ← 1. We continue
the search in this manner until reaching a terminal gate.

A perhaps more involved example can be found in Illustration (b). In this case, we are
looking for the 13th tuple of the circuit. However, after assigning (with the same method as
before) x1 ← 2, we reach a ×-gate, and therefore do not assign a value to a given variable.
What happens is we are now looking for the 13−10 = 3rd solution of a set of circuits comprised
of the bottom-centre gate and the bottom-right gate. We choose which of the variables from
the roots of the set of circuits to assign first based on the order, so in this case, we start with
x2.

We have to remember that for each possible solution of the circuit rooted in x2, there are
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two possible extensions from the circuit rooted in x3 (see Lemma 6.31). This is the same thing
as imagining the gate being virtually relabelled by [2, 2, 4]. In other words, x2 ← 0 provides
two tuples for the Cartesian product, which is not enough to get the third answer. The same
happens for x2 ← 1 but x2 ← 2 has enough extension since there are 4 assignments for the
Cartesian product that have x2 6 2. We hence assign x2 ← 2. We discarded 2 assignments
with this choice, we are hence looking for the first assigmnent for x3 which is found by setting
x3 to 1.

In order to evaluate the true complexity of answering direct access tasks, we now also have
to evaluate the complexity of a single oracle call. To do that, we need to understand how an
assignment of the form D{x1,...,xp} for some p behaves with respect to the circuit. We hence define
a prefix assignment of size p to be an assignment τ ∈ D{x1,...,xp} with p 6 n. We also define the
sinking operation:

I Definition 6.30 (Sinking through ×-gates)
For a gate v in C, we define sink(v) as:

sink(v) =
{⋃

w∈inputs(v) sink(w) if v is a ×-gate

{v} otherwise (that is, v is an input or a decision gate)

We can then state the following property:

I Lemma 6.31
For any gate v, we have rel(v) =×w∈sink(v) rel(w).

Proof. We prove this by induction on the circuit.

If v is a decision gate or an input, then, as sink(v) = {v}, the property is trivial.

If v is a ×-gate, then by definition, rel(v) =×w∈inputs(v) rel(w). By our induction hypothesis,
rel(w) =×g∈sink(w)

rel(g) for all inputs w of v. Therefore, by associativity and commutativity of
the Cartesian product,

rel(v) = ×
w∈inputs(v)

×
g∈sink(w)

rel(g)

= ×
g∈

⋃
w∈inputs(v) sink(w)

rel(g)

= ×
g∈sink(v)

rel(g)

�

Given a prefix assignment τ , we want to characterise the set of tuples in C that are compatible
with τ . To do so, we can follow every decision gate whose variables are set by τ and follow every
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input of ×-gates. This gives a set of gates in the circuit that we call the frontier of τ , such that
any assignment of rel(C) extending τ must be made from assignments of each gate in the frontier.
More formally:

I Definition 6.32 (Frontier of a tuple)
We introduce the frontier fτ of τ in C as follows:

1. instantiate a set F = {out(C)}, containing only the root of the circuit;

2. as long as it is possible, transform F as follows:

if v ∈ F is a ×-gate, remove v from F and add sink(v) to F ;
if v ∈ F is a decision gate and the variable x labelling v is assigned in the prefix,
i.e. x ∈ {x1, . . . , xp}, remove v from F and add vd to F , where vd is the input of v
such that edge (vd, v) is labelled by τ(x).

3. if F contains a ⊥-gate, then fτ = ∅, otherwise fτ = F .

If, for a given gate v, the set sink(v) contains a ⊥-gate, then the circuit is no longer satisfiable,
which is why we return ∅ in this case. Note that this should not happen while building the kth

solution for C.
Frontiers are particularly useful since they can represent the following relation: the frontier

relation denoted by rel(fτ ) is defined as the relation×v∈fτ rel(v). This relation is defined
on variables set var(fτ ) :=

⋃
v∈fτ var(v). An example of a frontier computation is given in

PEN Example 6.33 .

I Example 6.33 (Computing a frontier)
Consider the same circuit as in PEN Example 6.29 , represented in (a).
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(c)

And suppose we are computing the frontier for the prefix assignment τ = 〈x1 ← 2〉.
We start with the decision gate labelled with x1, as it is the root of the circuit. At this point,
the frontier fτ consists of the root node, circled in a dashed, coloured line. Since this is a
decision gate and x1 is assigned in τ , we remove it from the frontier and we add the input
labelled by τ(x1) = 2. This is illustrated in (b), where the edge taken is shown coloured and
the current frontier is again circled.

Now we have a frontier consisting of a ×-gate. We therefore remove this gate from fτ and
apply the sink operation. This implies that we return the union of the inputs of our ×-gate.
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Our new frontier fτ is therefore circled in (c). Since the frontier now consists of decision gates
whose variables have not been assigned in τ , the computation stops.

For a prefix τ on variables set {x1, . . . , xp}, we denote by στ (R) the relation σx1=τ(x1),...,xp=τ(xp)(R).
We have the following connection between the relation of a frontier and prefix assignments:

I Lemma 6.34
Let C be an ordered {×, dec}-circuit on variables set X = {x1, . . . , xn} and τ be a prefix
assignment on variables set {x1, . . . , xp}. Then,

στ (relX(C)) = {τ} × rel(fτ )× D{xp+1,...,xn}\var(fτ )

Proof. We prove the lemma by induction on the size of the prefix.

For an empty prefix τ = 〈〉, we have fτ = sink(out(C)). Indeed, if out(C) is a decision gate
or an input, then it is trivial since sink(out(C)) = {out(C)}. Otherwise we simply sink through
the ×-gate since no variable is assigned by τ . We have that σ〈〉(relX(C)) = relX(C), which
is itself by definition equal to rel(out(C)) × DX\var(out(C)). From Lemma 6.31, we know that
rel(out(C)) =×w∈sink(out(C))

rel(w). We know that var(out(C)) = var(f〈〉). Thus, we have that
σ〈〉(relX(C)) =×w∈sink(out(C))

rel(w)× D{x1,...,xn}\var(f〈〉).

Now, suppose the property holds for any prefix τ of size p. We show that, in this case, it
also holds for a prefix τ ′ = τ × [xp+1 ← d], for d ∈ D.

We can rewrite στ ′(relX(C)) as σxp+1=d(στ (relX(C))). Applying the induction hypothesis to
this equality gives:

στ ′(relX(C)) = σxp+1=d

(
{τ} × rel(fτ )× D{xp+1,...,xn}\var(fτ )

)
From here on, we have two possibilities: either there exists a decision gate v ∈ fτ such that

decvar(v) = xp+1 or not.

I First case: there exists v ∈ fτ such that decvar(v) = xp+1.
In this case, we have by definition: fτ ′ = fτ \ {v} ∪ sink(vd).
We start by pointing out that, for a decision gate v with xp+1 = decvar(v) and d ∈ D, we

have σxp+1=d(rel(v)) = {[xp+1 ← d]} × rel(vd) × Dvar(v)\({xp+1}∪var(vd)). In other words, every
tuple in the relation computed by v where xp+1 = d is of the form [xp+1 ← d]× τ ′ × σ′ where
τ ′ ∈ rel(vd) and σ′ is any tuple on domain D and variables set var(v) \ ({xp+1} ∪ var(vd)). We
can therefore write:
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στ ′(relX(C)) = σxp+1=d

(
{τ} × rel(fτ )× D{xp+1,...,xn}\var(fτ )

)
since xp+1 only appears in the frontier :
= {τ} × D{xp+1,...,xn}\var(fτ ) × σxp+1=d(rel(v))× ×

w∈fτ\{v}
rel(w)

from the previous relation:
= {τ} ×D{xp+1,...,xn}\var(fτ ) × {[xp+1 ← d]} × rel(vd)× Dvar(v)\({xp+1}∪var(vd))

× ×
w∈fτ\{v}

rel(w)

from Lemma 6.31:
= {τ} ×D{xp+1,...,xn}\var(fτ ) × {[xp+1 ← d]} × ×

w∈sink(vd)
rel(w)

×Dvar(v)\({xp+1}∪var(vd)) × ×
w∈fτ\{v}

rel(w)

= {τ} × {[xp+1 ← d]} × D{xp+1,...,xn}\var(fτ ) × Dvar(v)\({xp+1}∪var(vd))

× ×
w∈sink(vd)

rel(w)× ×
w∈fτ\{v}

rel(w)

= {τ ′} × ×
w∈fτ′

rel(w)× D{xp+2,...,xn}\var(f ′
τ )

I Second case: there are no v ∈ fτ such that decvar(v) = xp+1.
In this case, since the circuit is ordered, it means that xp+1 /∈ var(fτ ). Moreover fτ = fτ ′ .

We can therefore write:

στ ′(relX(C)) = {τ} ××
w∈fτ

rel(w)× σxp+1=d(D{xp+1,...,xn}\var(fτ ))

since xp+1 does not appear in the frontier or τ :
= {τ} ××

w∈fτ
rel(w)× {[xp+1 ← d]} × D{xp+2,...,xn}\var(fτ )

= {τ ′} × ×
w∈fτ′

rel(w)× D{xp+2,...,xn}\var(fτ′ )

since fτ = fτ ′ .

Since the property is true for the empty prefix and inductively true, we conclude that it is
true for any prefix τ . �

In order to be useful in practice, building and using the frontier of a prefix assignment τ
cannot be too expensive. We formulate the following complexity statement:

I Lemma 6.35
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Let τ be a prefix assignment over the set of variables set X = {x1, . . . , xp}. We can compute
fτ in time O(|X|).

Proof. Let τ be a prefix assignment of size p. The frontier fτ is built in a top-down fashion, by
following the edges corresponding to the variable assignments in τ . For each variable x assigned
by τ , we follow at most one edge from a decision gate v such that decvar(v) = x and the edge is
labelled τ(x). This means p edges are followed for the assignments. Moreover, to get to v, we
might have to follow edges from ×-gates. Since the variable sets underneath ×-gates are disjoint
from one another, we have that the number of such edges is bounded by |X|. This implies the
total cost of building the frontier fτ is O(|X|+ p) = O(|X|). �

We are now ready to prove the main connection between frontiers and Lemma 6.6:

I Lemma 6.36 (Oracle Complexity)
Let C be an ordered {×, dec}-circuit on variables set X = {x1, . . . , xn} such that nrelC(v, d)
and var(v) have been precomputed as defined in Lemma 6.28. Let τ be a prefix assignment of
D{x1,...,xp}.

Then, for every N , one can compute the smallest value d ∈ D such that #σxp+16d(στ (rel(C))) >
N and the value #σxp+1<d(στ (rel(C))) in time O(|X|2log|X|+ |X|log(|D|)).

Proof. We start by building the frontier fτ associated with the prefix assignment τ . From
Lemma 6.35, we know this can be done in time O(|X|). By Lemma 6.34, we can rewrite:

σxp+16d(στ (rel(C))) = σxp+16d

(
{τ} × rel(fτ )× D{xp+1,...,xn}\var(fτ )

)
= {τ} × σxp+16d

(
rel(fτ )× D{xp+1,...,xn}\var(fτ )

)
There are now two possible outcomes: either there is a decision gate v labelled by variable

xp+1 in fτ or there is not. In the first case, since xp+1 only appears in the frontier, we have for
every d ∈ D:

σxp+16d(στ (rel(C))) = {τ} × σxp+16d(rel(v))× ×
w∈fτ\{v}

rel(w)× D{xp+2,...,xn}\var(fτ )

Therefore, we have:

#σxp+16d(στ (rel(C))) = #σxp+16d(rel(v))×
∏

w∈fτ\{v}

#rel(w)× |D||{xp+2,...,xn}\var(fτ )|

= nrelC(v, d)×
∏

w∈fτ\{v}

#rel(w)× |D||{xp+2,...,xn}\var(fτ )|

= nrelC(v, d)P
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where P is a product containing at most |X| precomputed integers, all of them of size at most
|D||X| and hence, it can be evaluated in time O(|X|2log|X|). Indeed, every value #rel(w) for
w ∈ fτ \ {v} have been precomputed and can be accessed in constant time. Moreover, var(fτ ) =⋃

v∈fτ var(v). Since var(v) has been precomputed too, we can compute e := |{xp+2, . . . , xn} \
var(fτ )| in O(|X|) and then |D|e in O(|X|2log|X|).

Now, observe that the smallest value d such that #σxp+16d(στ (rel(C))) > N has to be
the label of one ingoing edge of v. Indeed, if d does not label any ingoing edge of v, then
nrelC(v, d) = nrelC(v, d0) where d0 < d is the greatest value smaller than d, which labels one
ingoing edge of v (or 0 if no such d0 exists). Hence, the smallest value d we are looking for
has to be the label of one ingoing edge of v and is the smallest one among them such that
nrelC(v, d) > N

P . Since P has been evaluated already, we can evaluate N
P in time O(|X|2log|X|).

To find the smallest value d where nrelC(v, d) is greater than N
P , it remains to do a binary

search among the ingoing edges of v, which have already been sorted by increasing label.
Comparing nrelC(v, d) to N

P can be done in O(|X|) for any d since the values do not exceed
|D||X|. There are at most |D| ingoing edge, meaning this binary search can be performed in
time O(|X|log|D|). Therefore, finding the value d we are interested in has a total complexity of
O(|X|2log|X|+ |X|log|D|).

Now that we know the value d ∈ D we are looking for, it remains to compute #σxp+1<d(στ (rel(C))).
This value is equal to #σxp+16d′(στ (rel(C))) where d′ is the value labelling the ingoing edge
of v just before d. If no such value exists, then #σxp+1<d(στ (rel(C))) is 0. Otherwise, we can
compute it as before in time O(|X|2log|X|).

In the second case, where there is no decision gate labelled by xp+1 in fτ , we have that
xp+1 /∈ var(fτ ) since the circuit is ordered. Hence, we can apply a similar reasoning to obtain:

#σxp+16d(στ (rel(C))) = #σxp+16d(D{xp+1}) · |D||{xp+2,...,xn}\var(fτ )| ·
∏
w∈fτ

#rel(w)

= rank(d)× P

where rank(d) is the number of elements smaller than d in D and P a product whose elements
have been precomputed and which can thus be evaluated in time O(|X|2log|X|). Therefore, the
smallest value d ∈ D such that #σxp+16d(D{xp+1}) > N is the one whose rank is dNP e. Moreover,
#σxp+1<d(στ (rel(C))) = max(0, (dNP e − 1)P ). �

In short, we can follow the edges in the circuit by choosing the correct edge from the
precomputed values in nrelC . A short visual example of the followed paths for different direct
access tasks over the same annotated circuit is presented in PEN Example 6.29 . Notice how in the
case where k = 13 (case (b) of the example), the fact that we meet a ×-gate implies that we
follow both paths at once. At one point of the algorithm, a frontier containing both the gates for
x2 and x3 exists. The values shown at the right of the reached decision gates show how the index
of the searched tuples evolves during a run of the search algorithm.

The proof of Theorem 6.22 is now an easy corollary of Lemmas 6.6 and 6.36. Indeed, after
having precomputed nrelC and var using Lemma 6.28, we can answer direct access tasks using
the oracle based algorithm from Lemma 6.6. Lemma 6.36 shows that these oracle accesses are, in
fact, tractable in ordered circuits.

We conclude this section with a high level description of the direct access algorithm using
pseudocode. The first procedure we need is the Find-Frontier procedure from Algorithm 6.37.
Given a circuit C and a prefix assignment τ of {x1, . . . , xp}, this procedure returns the frontier
of τ by following every decision gate whose variable is assigned by τ and sinking through every
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×-gate, implementing the procedure described in Lemma 6.35. Procedure Count-Extensions
then computes the number of tuples in rel(C) compatible with τ and such that xp+1 6 d for some
domain value d ∈ D. It uses the frontier of τ and the equality described in Lemma 6.36. Observe
that one needs access to nrelC(v, d), var(v) and |rel(v)| for this, which can be accessed from the
annotations of the circuit described in the previous section.

The last function is the actual direct access procedure. The Next-Value (Algorithm 6.39)
function takes a circuit, a prefix assignment τ of x1, . . . , xp−1, an index k and finds the value on
xp of the kth tuple of στ (rel(C)). It does so by using calls to the Count-Extensions function
and does a binary search over the domain values. We then implement the approach described in
Lemma 6.6 in the Direct-Access function by iteratively constructing τ using Next-Value
and also updating the index to take into account discarded tuples from rel(C).

Algorithm 6.37 Finding the frontier
1: procedure Find-Frontier(C, τ)
2: input: · C an ordered {×, dec}-circuit,

· τ a partial assignment,
3: output: the frontier in C for τ
4: tmp← {out(C)}
5: F ← ∅
6: while tmp 6= ∅ do
7: for v ∈ tmp do
8: if v is a ⊥-gate then return ∅
9: if v is a ×-gate then tmp← (tmp \ {v}) ∪ input(v);

10: if v is a decision-gate on x and τ(x) is defined then
11: if v has no incoming edge labelled by τ(x) then return ∅
12: (w, v)← the incoming edge of v labelled by τ(x)
13: tmp← (tmp \ {v}) ∪ {w}
14: else
15: F ← F ∪ {v}
16: tmp← tmp \ {v}
17: return F

Algorithm 6.38 Counting the extensions of a prefix assignment
procedure Count-Extensions(C, τ)

input: · C an ordered {×, dec}-circuit,
· τ a partial assignment,

output: the number of valid tuple extensions from τ in C
F ← Find-Frontier(C,τ)
Y ← {xp+2, . . . , xn} \

⋃
v∈F var(v)

if F contains a decision-gate w on variable xp+1 then
return |D||Y | ×

∏
w∈F\{v} |rel(w)| × nrelC(v, d)

else
return |D||Y | ×

∏
w∈F |rel(w)| × rank(d)
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Algorithm 6.39 Finding the next value to assign
1: procedure Next-Value(C, τ , k, m, M)
2: input: · C an ordered {×, dec}-circuit,

· τ a partial assignment,
· � the index to search for,
· m the minimal value,
· M the maximal value.

3: output: the value for the next variable to assign in τ for index k
4: if m = M then
5: if Count-Extensions(C,τ ,dm)> k then return dm Else return ⊥
6: else
7: mi = bm+M

2 c
8: if Count-Extensions(C, τ, dmi) > k then return Next-Value(C, τ, k,m,mi)
9: else return Next-Value(C, τ, k,mi,M)

Algorithm 6.40 Direct Access
1: procedure Direct-Access(C, k)
2: input: · C an ordered {×, dec}-circuit,

· � the index to search for.
3: output: the kth tuple in C
4: p← 1
5: τ ← 〈〉
6: while p 6 n do
7: d← Next-Value(C, τ, k, 1, |D|)
8: if d = ⊥ then return ⊥
9: τ ← τ × [xp ← d]

10: p← p+ 1
11: i← rank(d) (that is, d = di)
12: if i > 1 then k ← k−Count-Extensions(C, τ, di−1)
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I Remark 6.41
Observe that in Next-Value and Lemma 6.36, we implemented the oracle from Lemma 6.6
using a binary search on the ingoing edges of the decision gates, which is the origin of the
O(log|D|) factor in the access time. As a matter of fact, the oracle call that we use boils
down to solving a problem known as FindNext in priority queues: given values v1 < · · · < vp
and N , find the smallest j such that vj > N . Some data structures such as van Emde Boas
trees [van75] support this operation in time log log p, which would allow us to improve the
direct access to O(poly(|Q|)log log |D|) time. This would be traded for a small sacrifice in the
preprocessing time (since inserting in van Emde Boas trees takes time O(log log |D|)) if we
store the nrelC(v, d) values in such data structures instead of ordered lists.

I Remark 6.42
You may also notice that our use of the Find-Frontier function is not optimal. Indeed, each
call to Find-Frontier is dealt with independently while they are actually only updating a
given frontier by iteratively adding new values in τ . Thus, in practice, we could get better
performances by updating the frontier at each iteration of the loop in Direct-Access instead
of recomputing it from scratch.

6.4 Tractability of Queries for Direct Access
In this section, we connect the tractability results for direct access on ordered circuits from
Section 6.3 with the algorithm presented in Chapter 5 to obtain tractability results concerning
the complexity of direct access on signed join queries. Moreover, we show how our approach
can be used to get direct access for signed conjunctive queries, that is, signed join queries with
projected variables.

One of the key elements of Chapter 5 that we will use is the binarisation presented in
Section 5.5. The order ≺b, that was derived from the order ≺ over the variables X of the query,
naturally induces an order ≺b

lex on {0, 1}X̃b . For τ, τ ′ ∈ [d]X , we have that τ ≺lex τ
′ if, and only

if, τ̃ b ≺b
lex τ̃

′b. This is because the natural ordering on [b] can be seen as the lexicographical order
on its bit-representation, starting from the most significant bit of τ(x) (which is τ̃ b(xb)), to its
least significant bit (which is τ̃ b(x1)). We can formalise this is the following proposition:

I Proposition 6.43
Let Q be a join query on variables X, ≺ be an order on X and D a database for Q on domain
[d] for some d ∈ N. Let b = dlog(d)e.

The function ·̃b is an isomorphism between ansD̃b(Q̃
b) and ansD(Q). It can be computed in

time O(nb) such that, if τ is the kth solution of Q̃b over D̃b for the order ≺b
lex, then τ̄ b is the

kth solution of Q over D for the order ≺lex, with ·̄b being the inverse function of ·̃b.
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A consequence of Proposition 6.43 is that, if we have direct access for the answers Q̃b over a
database D̃b for the order ≺b

lex with preprocessing time P and access time A, then we directly
get direct access for Q over the database D with the same preprocessing time P and access time
A+ nb. This is because we can perform the same preprocessing as for the binarised query and
database, but to get the kth answer, we have to compute the kth answer τ of Q̃b and return τ̄ b.

We will also use Theorem 5.22 as it shows that the binarisation operation does not change
the width of the involved elimination orders.

6.4.1 Direct Access for Signed Join Queries
We first focus on signed join queries. We can show that the tractability results from Section 6.3
and Algorithm 5.9 can be connected in the following theorem:

I Theorem 6.44
Given a signed join query Q, an order ≺ on var(Q) and a database D on domain D, we can
solve the direct access problem for ≺lex with:

preprocessing time: Õ(|D|kpolyk(|Q|)); and

access time: O(poly(|Q|) · (log|D|)3(loglog|D|))

With k defined as follows:
if Q does not contain any negative atom, then k = fhtw(H(Q),�);
otherwise k = show(H(Q),�).

Proof. We start by constructing a ≺b ordered circuit computing ansD(Q̃
b) using Theorem 5.28

for b = dlog|D|e on a domain of size 2 and with variable set X̃b = var(Q̃b).
We preprocess this circuit as in Theorem 6.22. Building and preprocessing the circuit

constitutes the preprocessing phase of our direct access algorithm and can be executed in
Õ(|D|kpolyk(|Q|)) by Theorem 5.28.

Now, to find the ith tuple in ansD(Q), we simply find the ith solution of rel(C) using the
algorithm from Section 6.3, which is the ith solution of ansD̃b(Q̃

b). Moreover, by Proposition 6.43,
we can reconstruct from it the ith solution of ansD(Q) in time O(log|D|).

By Theorem 6.22, the access time is therefore O(poly(|Q|) · (log|D|)3(loglog|D|)), because the
number of variables of C is now O(|var(Q)|log|D|). �

The main difference between Theorem 6.44 and Theorem 6.19 is that the complexity given in
Theorem 6.44 is polynomial in |Q| for queries with bounded signed hyperorder width or bounded
fractional hypertree width, which matches Theorems 6.15 and 6.17 in this case.

Suppose however that we are interested in signed fractional hyperorder width. In that case,
we are not able to prove that our version of DPLL from Chapter 5 produces a circuit that is
polynomial in |Q|. The key comes from Theorem 5.20, which tells us that a run of DPLL on
the binarisation of Q produces a circuit of size Õ(2mn|D|k). This then matches the complexity
given in Theorems 6.15 and 6.17 for the preprocessing phase but has a better access time since
the degree of log|D| does not depend on |Q| anymore. Formally, we get an improved version
of the upper bound of Theorem 6.19 in Theorem 6.45. In particular, observe that even if the
preprocessing time is exponential in the query size, this is not the case for the access time:
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I Theorem 6.45
Given a signed join query Q, an order ≺ on var(Q) and a database D on domain D, we can
solve the direct access problem for ≺lex with:

preprocessing time: Õ(|D|sfhow(H(Q),�)2|atoms(Q)(Q)|poly(|Q|)); and

access time: O(poly(|Q|) · (log|D|)3(loglog|D|)).

6.4.2 Direct Access for (Signed) Conjunctive Queries
As we mentioned before, Theorem 6.44 allows us to recover the tractability of direct access for
positive join queries with bounded fractional hypertree width. These tractability results were
first proved in [Car+23; BCM22a] and restated here in Theorems 6.15 and 6.17.

However, [Car+23] (see also [BCM22b] which is the �arXiv version of [BCM22a]) also generalises
their algorithm to conjunctive queries, that is, join queries with projections.

The aim of this section is therefore to demonstrate the versatility of the circuit-based approach
by showing how one can also handle quantifiers directly on the circuit:

I Theorem 6.46
Let C be a ≺-ordered {×, dec}-circuit on domain D, variable set X = {x1, . . . , xn} such that
x1 ≺ · · · ≺ xn and j 6 n.

One can compute in time O(|C| · poly(n) · polylog|D|) a ≺-ordered {×, dec}-circuit C ′ of
size at most |C| such that rel(C ′) = rel(C)|{x1,...,xj}.

Proof. Let v be a decision gate on variable xk with k > j. By definition, every decision gate in
the circuit rooted at v tests a variable y ∈ {xk+1, . . . , xn}. Therefore, we know that rel(v) ⊆ DY

with Y ⊆ {xk, . . . , xn}.
Moreover, one can compute |rel(v)| for every gate v of C in time O(|C| · poly(n) · polylog|D|)

as explained in Lemma 6.28. Hence, after this preprocessing, we can decide whether rel(v) is
the empty relation in time O(1) by simply checking whether |rel(v)| = nrelC(v, d0) 6= 0 where d0
is the largest element of D.

We construct C ′ by replacing every decision gate v on a variable xk with k > j by a constant
gate > if rel(v) 6= ∅ and ⊥ otherwise. We clearly have that |C ′| 6 |C| and from what precedes,
we can compute C ′ in O(|C| · poly(n) · polylog|D|). Finally, it is straightforward to show by
induction that every gate v′ of C ′, which corresponds to a gate v of C, computes rel(C)|{x1,...,xj},
which concludes the proof. �

We can now use Theorem 6.46 to handle conjunctive queries by first using Theorem 5.13 on
the underlying join query to obtain a ≺-circuit, and by then projecting the variables directly in
the circuit.

This approach works only when the quantified variables are the largest variables in the circuit.
This motivates the following definition:
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I Definition 6.47 (S-connexity of elimination orders)
Let H = (V,E) be a hypergraph.

An elimination order (v1, . . . , vn) of V is S-connex if, and only if, there exists a value i
such that {vi, . . . , vn} = S.

In other words, the elimination order starts by eliminating V \ S and then proceeds to S.

Given a conjunctive query Q and an elimination order ≺ on var(Q), we say that the
elimination is free-connex if it is a free(Q)-connex elimination order of H(Q) where free(Q) are
the free variables of Qa.

aThe notion of S-connexity already exists for tree decompositions. We use the same name here as the
existence of an S-connex tree decomposition of (fractional) hypertree width k is equivalent to the existence of
an S-connex elimination order of (fractional) hyperorder width k.

From this definition, we can directly show the following:

I Theorem 6.48
Given a signed conjunctive query Q(Y ), a free-connex order � on var(Q) and a database D on
domain D, we can solve the direct access problem for ≺lex with:

preprocessing time: Õ(|D|kpolyk(|Q|)); and

access time: O(poly(|Q|) · (log|D|)3loglog|D|).

With k being computed as follows:
if Q does not contain any negative atom, then k = fhtw(H(Q),�);
otherwise k = show(H(Q),�).

Proof. By running DPLL(Q̃b, 〈〉, D̃b,�b) for b = dlog|D|e, one obtains a ≺b-ordered circuit
computing ansD̃b(Q̃

b). The size of this circuit is Õ(|D|kpolyk(|Q|)) by Theorem 5.13.
We now use the fact that �b is free-connex, which implies that �b is of the form zb1 � · · · �

z11 � · · · � zbn � · · · � z1n, and that there exists j such that {zj , . . . , zn} = free(Q). Therefore, by
Theorem 6.46, we can construct a ≺b-ordered {×, dec}-circuit of size at most O(|D|kpolyk(|Q|))
computing ans(Q̃b)[D̃b]

|˜free(Q)
b , which concludes the proof using Theorem 6.22. �

We observe that our notion of free-connex elimination orders for Q is akin that of [BCM22b],
with one key difference: in [BCM22b], it is allowed to only specify a preorder on free(Q). The
complexity of the algorithm is then stated with the best possible compatible ordering.

This would also be possible in our framework. In our case, Theorem 6.48 builds the structure
for direct access for ≺lex when ≺ is free-connex, so Theorem 6.48 proves the same tractability
result as [BCM22b], with the same complexity.

Finally, one may also observe that there is another way of recovering the result of Theorem 6.48.
We could modify DPLL so that, when only projected variables remain, instead of compiling, it
calls an efficient join algorithm. This algorithm could then decide whether the answer set of the
query is empty or not and return either > or ⊥ in the circuit depending on the answer. This
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approach could be more efficient because it is able to exploit more complex measures such as the
submodular width of the resulting hypergraph, using a join algorithm such as PANDA [ANS17a].

6.5 Negative Join Queries and SAT
One particularly interesting application of this result is its application to negative join queries,
that is, join queries where every atom is negated. Tractability results for negative join queries
have previously been established in the literature. One of the first results in this direction was
the study of β-acyclic negative join queries. It was shown in [Bra12] that the class of negative
conjunctive queries where evaluation can be done in time linear in the size of the database is
exactly the class of β-acyclic conjunctive queries. A slight generalisation of this result to acyclic
signed join queries can be found in Brault-Baron’s thesis [Bra13]. This result was first generalised
for counting in [BCM15] and, more recently, to queries with more complex aggregation in [Zha+24].
A generalisation of β-acyclic queries, namely negative join queries with bounded nest set width,
was proposed by Lanzinger [Lan23], where evaluation of such queries was shown to be tractable.

Another interesting application of our result consists in offering new tractability results for
aggregation problems in SAT solving. Indeed, the SAT problem inputs are CNF (Conjunctive
Normal Form) formulas, which can be seen as a particular case of negative join queries. Indeed, a
CNF formula F with m clauses can be directly transformed into a negative join query QF with
m atoms having the same hypergraph, and a database DF on domain {0, 1} of size at most m
such that ansDF

(QF ) is the set of satisfying assignments of F . In other words, a clause of the
CNF can be seen as the negation of a relation containing exactly one tuple. For example, the
formula F = x ∨ y ∨ ¬z can be seen as the query QF : - ¬R(x, y, z), where R only contains the
tuple 〈x← 0, y ← 0, z ← 1〉. Therefore, any polynomial-time algorithm in combined complexity
on negative join queries directly transfers to CNF formulas, where many tractability results for
SAT and #SAT are known when the hypergraph of the input CNF is restricted [OPS13; Bov+15;
PSS16; SS13; SS10; STV14] (see [Cap16] for a complete survey).

We now show that Theorem 6.44 generalises many of these results because most of the
hypergraph families known to give tractability results for negative join queries can be shown to
have bounded signed hyperorder width. We first study the notion of signed hyperorder width
restricted to negative join queries and compare it to existing measures from literature.

6.5.1 Hyperorder Width for Negative Join Queries
If a join query is negative, then we can consider its signed hypergraph to be simply the hypergraph
induced by its negative atoms. Thus, the notion of signed hyperorder width can be simplified
without the separation between the positive and negative edges. We use the following definitions:

I Definition 6.49 (β-hyperorder width)
Let H = (V,E) be a hypergraph and ≺ be an order on V .

The β-hyperorder width β-how(H,≺) of ≺ for H is defined as maxH′⊆Hhow(H′,≺).
The β-hyperorder width β-how(H) ofH is defined as the width of the best possible elimination

order, that is, β-how(H) = min≺β-how(H,≺).
Similarly, the β-fractional hyperorder width of an order ≺ and of a hypergraph (denoted
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β-fhow(H,≺) and β-fhow(H)) can be defined by simply replacing how(·) by fhow(·) in the
previous definitions.

We now turn to comparing the notion of β-hyperorder width with other measures known
from the literature. The definition of the β-hyperorder width can be seen as a hereditary closure
of generalised hypertree width. Indeed, it is a well known fact that hypertree width is not a
hereditary measure. That is, a subhypergraph may have a greater hypertree width than the
hypergraph itself, as shown in PEN Example 6.50 .

I Example 6.50

Consider the following hypergraph (repre-
sented on the right), consisting of a triangle
on vertices {1, 2, 3} together with a hyperedge
{1, 2, 3}.

This hypergraph is α-acyclic, and thus has hy-
pertree width 1. However, if we consider the
subhypergraph consisting of just the triangle,
this subhypergraph has a fractional hyper-
tree width of 3/2 and a generalised hypertree
width of 2.

1

2 3

The traditional way of working around the fact that fractional hypertree width is not a
hereditary measure, has been to take the largest width over every subhypergraph. This led to the
definition of the β-fractional hypertree width of H, denoted β-fhtw(H). This measure is defined as
β-fhtw(H) = maxH′⊆Hfhtw(H′) [GR04]. The β-hypertree width β-htw(H) is defined in a similar
way, by replacing fhtw(·) by htw(·).

If we use the ordered characterisation of fhtw(H′) in this definition, we then obtain the following
equivalent way of defining fractional β-hypertree width: β-fhtw(H) = maxH′⊆Hmin≺fhow(H′,≺).
Now recall that β-fhow(H) = min≺maxH′⊆Hfhow(H′,≺). Hence, the difference between β-fhtw(H)
and β-fhow(H) boils down to inverting the min and the max in the definition. It is easy to then
notice that β-fhtw(H) 6 β-fhow(H) and β-htw(H) 6 β-how(H) for every H (see Theorem 6.51
for details). The main advantage of β-fractional hyperorder width is that it comes with a natural
notion of decomposition — the best elimination order ≺ — which can be used algorithmically.
For β-fhtw(·), no such decomposition that can be used algorithmically has yet been found.

The case where β-fhtw(H) = 1, also known as β-acyclicity, is the only one for which tractability
results are known. For example, SAT [OPS13], #SAT or #CQ for β-acyclic instances [Cap17;
BCM15]. This is due to the fact that, in this case, an order-based characterisation is known. The
elimination order is based on the notion of nest points. In a hypergraph H = (V,E), a nest point
is a vertex v ∈ V such that E(v) can be ordered by inclusion, that is, E(v) = {e1, . . . , ep} with
e1 ⊆ · · · ⊆ ep. A β-elimination order (v1, . . . , vn) for H is an ordering of V such that for every
i 6 n, vi is a nest point of H\{v1, . . . , vi−1}. We show in Theorem 6.51 that β-elimination orders
correspond exactly to elimination orders having β-hyperorder width 1, hence proving that our
width notion generalises β-acyclicity.

We actually prove a more general result: the notion of β-acyclicity has been recently generalised
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by Lanzinger [Lan23], by using a notion called nest sets. A set of vertices S ⊆ V is a nest set
of H if {e \ S | e ∈ E, e ∩ S 6= ∅} can be ordered by inclusion. A nest set elimination order is
therefore a list Π = (S1, . . . , Sp) such that:⋃p

i=1 Si = V ;
Si ∩ Sj = ∅; and
Si is a nest set of H \

⋃
j<i Sj .

The width of a nest set elimination order is defined as nsw(H,Π) = maxi|Si| and the nest set
width nsw(H) of H is defined to be the smallest possible width of a nest set elimination order of
H. As it turns out, our notion of width generalises the notion of nest set width; that is, we have
β-how(H) 6 nsw(H). More particularly, any order ≺ obtained from a nest set elimination order
Π = (S1, . . . , Sp) by ordering each Si arbitrarily verifies nsw(H,Π) > β-how(H,≺).

The above discussion can be formalised in the following theorem:

I Theorem 6.51
For every hypergraph H = (V,E), we have:

β-htw(H) 6 β-how(H) 6 nsw(H) .

In particular, H is β-acyclic if and only if β-how(H) = 1.

The proof mainly follows from Lemma 6.52. Intuitively, this lemma says that, if S is a nest
set of H of size k, then iteratively removing the vertices of S in H implies that the introduced
edges can always be covered by k edges from the original hypergraph. This is because they are
made of some of the vertices from S (at most k of them) and some other vertices that are all
covered by the maximal edge covering {e \ S | e ∩ S 6= ∅}.

I Lemma 6.52
Let H = (V,E) be a hypergraph and S be a nest set of H of size k. We let f be the maximal
element (for inclusion) of {e \ S | e ∈ E, e ∩ S 6= ∅}, which exists by definition and (s1, . . . , sk)
an ordering of S.

For every i 6 k and edge e of H/s1/ . . . /si, either:
e ∩ S 6= ∅ and e ⊆ f ∪ S; or
e ∩ S = ∅ and e is an edge of H \ {s1, . . . , si}.

Proof. We prove this lemma by induction on i.
For i = 0, it is clear since if e ∩ S 6= ∅, then e \ S ⊆ f by definition of f . Hence e ⊆ f ∪ S.
Now, assuming the hypothesis holds for some i, let Hi = H/s1/ . . . /si and Hi+1 = Hi/si+1.

By definition, the edges of Hi+1 are: (1) the edges of Hi without the vertex si+1; or (2) the
additional edge N ∗Hi

(si+1). Let e be an edge of Hi+1 that is not N ∗Hi
(si+1). We have two cases:

either e is already inHi, in which case the induction hypothesis still holds, or e is not inHi, which
means that e = e′ \ {si+1} for some edge e′ of Hi containing si+1. In particular, si+1 ∈ e′ ∩ S
and then e′ ∩ S 6= ∅. By induction, we have e′ ⊆ f ∪ S and then e = e′ \ {si+1} ⊆ f ∪ S and the
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induction hypothesis follows.
Finally, assume e = N ∗Hi

(si+1), that is, e is obtained by taking the union of every e′ in Hi

where si+1 is in e′ and removing si+1. Then e′ ∩ si+1 6= ∅. By induction again, e′ ⊆ f ∪S hence
N ∗Hi

(si+1) ⊆ f ∪ S and the induction hypothesis follows. �

Lemma 6.52 then allows us to formally prove Theorem 6.51.

Proof of Theorem 6.51. The inequality β-htw(H) 6 β-how(H) is straightforward using:
β-htw(H) = maxH′⊆Hmin≺how(H′,≺)
β-how(H) = min≺maxH′⊆Hhow(H′,≺)

Indeed, let ≺0 be an elimination order that is minimal for β-how(H,≺). By definition, for
H′ ⊆ H, how(H′,≺0) > min≺how(H′,≺). Therefore,

β-how(H) = maxH′⊆Hhow(H′,≺0) > maxH′⊆Hmin≺how(H′,≺) = β-htw(H) .

We now prove β-how(H) 6 nsw(H). Let k = nsw(H) and Π = (S1, . . . , Sp) a nest set
elimination order of H of width k, that is, for every i, |Si| 6 k. Let ≺ be an order on
V = (v1, . . . , vn) with v1 ≺ · · · ≺ vn, obtained from Π by ordering each Si arbitrarily, that is, if
x ∈ Si and y ∈ Sj with i < j, we require that x ≺ y.

We claim that β-how(H,≺) 6 nsw(H,Π). First of all, we observe that, if (S1, . . . , Sp) is a
nest set elimination order for H, then it is also a nest set elimination order for every H′ ⊆ H,
which is formally proven in [Lan23]a. Consequently, it is enough to prove that how(H,≺) 6 k.
Indeed, if we prove this, then we know that, for every hypergraph H′ ⊆ H, ≺ is also a nest set
elimination order for H′, and thus, how(H′,≺) 6 k too.

This follows from Lemma 6.52. Indeed, let (v1, . . . , vt) be the prefix of (v1, . . . , vn) such
that S1 = {v1, . . . , vt}. By Lemma 6.52, when vi+1 is removed from H≺i = H/v1/ . . . /vi, then
Ni+1 = NHi(vi+1) is included in f ∪S1 since Ni+1 ∩S1 6= ∅ (both sets contain vi+1). Therefore,
Ni+1 is covered by at most t edges: f – which contains at least one element of S1 – plus at most
one edge for each remaining element of S1. Hence, up to the removing of vt, the hyperorder
width of ≺ is at most t 6 k. Now, when removing (v1, . . . , vt) from H, by Lemma 6.52 again,
H≺t = H \ {v1, . . . , vt} since no edge of H≺t has a non-empty intersection with S1. It follows
that S2 is a nest set of H≺t and we can remove it in a similar way to S1 and so on. Hence
β-how(H,≺) 6 k = nsw(H,Π) which settles the inequality stated in the theorem.

This directly implies that H is β-acyclic if and only if β-how(H) = 1. Indeed, if H is
β-acyclic, then nsw(H) = 1 (the definition of nest set width elimination order of width 1 directly
corresponds to the definition of β-elimination orders) and β-how(H) 6 nsw(H) = 1 by the
previously established bound. �

aLemma 4 of [Lan23] establishes the result for a connected subhypergraph of H but the same proof works for
non-connected subhypergraphs.

The goal of this section (or of [Cap+25]) is not to give a thorough analysis of β-fractional
hyperorder width so this leaves for future research several related open questions.

We observe that we do not know the exact complexity of computing or approximating the
β-fractional hyperorder width of an input hypergraph H. It is very likely hard to compute exactly
since it is not too difficult to observe that when H is a graph, β-fhow(H) is “sandwiched” between
the half of the treewidth of H and the treewidth of H itself and it is known that treewidth
is NP-hard to compute [Bod93]. This does not rule out the possibility that deciding whether
β-how(H) 6 k is tractable for every k as it is the case for treewidth [Bod93], but we observe
that deciding whether fhow(H) 6 2 is known to be NP-hard [FGP18]. We also leave open many
questions concerning how β-fractional hyperorder width compares with other widths such as
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(incidence) treewidth, (incidence) cliquewidth or MIM-width. For these width measures, #SAT,
a problem close to computing the number of answers in signed join queries, is known to be
tractable (see [Cap16] for a survey). We leave open the most fundamental question of comparing
the respective powers of β-fhtw(·) and β-fhow(·):

I Open question 6.53
Does there exist a family (Hn)n∈N of hypergraphs such that there exists k ∈ N such that for
every n, β-fhtw(Hn) 6 k while β-fhow(Hn) is unbounded?

One may wonder why the definition of β-hyperorder width has not appeared earlier in the
literature, as it just boils down to swapping a min and a max in the definition of β-hypertree
width while enabling an easier algorithmic treatment. We argue that the expression of hypertree
width in terms of elimination orders – which is not the widespread way of working with this width
in previous literature – is necessary to make this definition interesting. Indeed, if one swaps the
min and max in the traditional definition of β-hypertree width, we get the following definition:
β-htw′(H, T ) = minT maxH′⊆Hhtw(H′, T ) where T runs over every tree decomposition of H and
hence is valid for every H′ ⊆ H since, as every edge of H is covered by T , so are the edges of
H′. This definition, while being obtained in the same way as β-how(·), is not really interesting
however because it does not generalise the notion of β-acyclicity:

I Proposition 6.54
There exists a family of β-acyclic hypergraphs (Hn) such that for every n ∈ N, β-htw′(Hn) = n.

Proof. Consider the hypergraph Hn whose vertex set is [n] and edges are {0, i} for i > 0 and
[n]. That is Hn is a star centered in 0 and additionnally has an edge containing every vertex.
Hn is clearly β-acyclic (any elimination order that ends with 0 is a β-elimination order) but
we claim that β-htw′(Hn) = n. Indeed, let T be a tree decomposition for Hn. By definition, it
contains a bag that covers [n]. Now consider the subhypergraph H′n of Hn obtained by removing
the edge [n]. The hypertree width of T with respect to H′n is n since one needs the edge {i, 0}
for every i to cover vertex i in the bag [n] since i appears only in this edge. �

6.5.2 Applications
In the previous section, we have shown that β-hyperorder width generalises β-acyclicity and nest
set width. Therefore, Theorem 6.44 can be used to show that direct access is tractable for the
class of queries with bounded nest set width. In particular, counting the number of answers is
tractable for this class, a question left open in [Lan23]:

I Theorem 6.55
Let Q be a negative join query of bounded nest set width and D be a database. Then we can
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compute |ansD(Q)| in polynomial time.

Proof. Let k be the nest set width of Q. It was proved in [Lan23] that a nest set elimination
order for Q can be found in time 2O(k2)poly(|H(Q)|), which induces an elimination order ≺ for
H(Q) of β-hyperoder width k.

Now, using our version of DPLL on this order and on the binarised form of Q, we can
construct a circuit computing ansD(Q) in time Õ((poly(H(Q))|D|)k) and extract |ansD(Q)| from
it using Lemma 6.28 in time Õ((poly(H(Q))|D|)k). �

Similarly, our result can directly be applied to #SAT, the problem of counting the number of
satisfying assignments of a CNF formula. Therefore, Theorem 6.44 generalises both [Cap17] and
[BCM15] by providing a compilation algorithm for β-acyclic queries to any domain size and to the
more general measure of β-hyperorder width. It also shows that not only counting is tractable
but also the more general direct access problem.

Figure 6.56 summarises our contributions for join queries with negations and summarises how
our contribution is located in the landscape of known tractability results. The two left-most
columns of the figure are the contributions presented in this chapter (originally from [Cap+25])
derived from Theorem 6.44. The right-most column is known from [BCM22a] but can be recovered
in our framework. A complete presentation of the results stated in this figure can be found in
[Cap16].

6.6 Conclusion and Future Work
This chapter has been devoted to proving new tractability results concerning direct access for
answers of signed conjunctive queries. In particular, we have introduced a framework unifying
the positive and the signed case using a factorised representation of the answer set of the query
that we first introduced in Chapter 5. Our complexity bounds, when restricted to the positive
case, match the existing optimal ones and we have proved that our algorithm remains optimal for
signed join queries without self-joins (in terms of data complexity). This approach opens many
new research avenues.

In particular, we believe that the circuit representation that we use is also promising for
answering different kinds of aggregation tasks and hence generalising existing results on conjunctive
queries to the case of signed conjunctive queries. For example, we believe that FAQ and AJAR
queries [ANR16; JPR16] could be solved using this data structure. Indeed, it seems possible to
annotate the circuit with semi-ring elements and then project them out in a similar fashion as
Theorem 6.46. Similarly, we believe that the framework of [ECK24] for solving direct access tasks
on conjunctive queries with aggregation operators may be generalised to the class of ordered
{×, dec}-circuits.

Finally, contrary to the positive case, we do not yet know what is the complexity of solving
direct access tasks on signed join queries with self-joins. We know that self-joins can only make
things easier and have exhibited an example at the end of Section 6.2.3 where having a self-join
between the positive and the negative part leads to drastic improvement in the preprocessing
complexity. However, it is still unknown whether there are other more subtle cases where self-joins
help, as it was shown for enumeration [CS23].
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Figure 6.56: Landscape of hypergraph measures and known inclusions with tractability results
for direct access on negative join queries (NJQ), direct access on positive join queries (PJQ), and

#SAT on CNF formulas.

Here, n is the number of variables, m the number of atoms, D the database, D the domain and k
the width measure (k = 1 for α- and β-acyclicity). In the case of CNF formulas, m stands for
the number of clauses, the size of the database is at most m and the domain is {0, 1}. An arrow
between two classes indicates inclusion for a fixed k.
All tractability results for direct access are consequences of Theorem 6.48 applied to either
fractional hyperorder width in the positive case or β-hyperorder width in the negative case. The
β-fractional hyperorder width is a consequence of Theorems 6.16 and 6.18. Comparison between
β-hyperorder width, nest-set width and β-hypertree width is a consequence of Theorem 6.51.
Tractability of #SAT for MIM-width is from [STV14], where most inclusions below can be found.

The inclusion between MIM-width and β-hypertree width can be found in [Cap16].
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Conclusion

This manuscript has investigated the problem of efficiently accessing the answers of queries,
with a particular focus on tasks such as direct access and uniform sampling. A recurring theme
throughout the thesis has been to prioritise the structural properties of queries over the explicit
enumeration of their answer sets. The central contribution of this work is to show that factorised
representations, in particular relational circuit constructions, provide a unifying framework for
addressing these tasks across a broad range of queries, including for classes that are known to be
challenging, such as queries with negative atoms. Taken as a whole, the results presented in this
thesis emphasize the fact that the correct representation of the query answers leads to efficient
solving of different tasks.

This thesis advocates the use of branching algorithms and relational circuits as a principled
approach to query evaluation, uniform sampling, and direct access. The contributions naturally
decompose into two complementary directions: the construction of compact factorised representa-
tions of query answer sets, and the exploitation of these representations to efficiently support a
variety of computational tasks.

Factorised Representations

Two main factorised representations are discussed in this work. In Chapter 3, we presented a
conceptually simple algorithm (Algorithm 3.2) to answer join queries in a worst-case optimal
way. Both our algorithm and Leapfrog TrieJoin [Vel14] can be seen as simplified forms of Generic
Join [Ngo+12]. The complexity analysis of this algorithm is also made more simple by being based
on easily verifiable properties of the considered query and database classes: prefix-closedness.

The result is a simple branching algorithm, where, for each variable, we branch on the different
domain values. To eliminate the overhead incurred by naive value enumeration, we introduced a
binarisation technique reducing arbitrary domains to the Boolean case. This allows the algorithm
to branch on bits rather than values, thereby pruning the search space efficiently while preserving
optimality.

Moreover, a notable by-product of running this algorithm is that its trace has a tree-like
structure. This structure is the first factorised representation we introduced in this manuscript.
It is then extended to full-fledged relational circuits in Chapter 5, where we considered join query
evaluation as a compilation task. Instead of enumerating the answers naively, we built on the
work we introduced in Chapter 3 to introduce a new data structure as a factorised representation
of the answer set of the query : ordered {×, dec}-circuits. These circuits exploit gate factorisation
and the independence of subqueries to achieve succinct representations.

Crucially, this circuit-based representation extends to signed join queries: even in the presence
of negative atoms, it is possible to compile a query and a database instance into an ordered
{×, dec}-circuit that faithfully represents its answer set.

By definition, both these structures do not fully materialise the complete answer set of the
considered queries. Therefore, we have been able to use these structures to efficiently answer
tasks such as uniform sampling and direct access.
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Using Factorised Representations to Answer Queries
The second direction of the contributions from this thesis are related to using our factorised
representations in multiple different ways. In Chapter 4, we studied the problem of uniformly
sampling answers to join queries. Our result consists in an adaptation of a classical algorithm,
that allows uniform sampling of the leaves of a tree without a full exploration. We adapted this
algorithm to a more general setting where only a subset of the leaves are of interest. This led us
to introduce a new notion of estimator: a tree-superadditive function that allows us to bound the
number of interesting leaves in any subtree. To sample efficiently, we used the structure implicitly
defined by a run of our worst-case optimal join algorithm from Chapter 3. Leaves of this trace
tree correspond to either inconsistencies or valid answers. This provides a clean reduction from
uniform answer sampling for a query over a database to leaf sampling in a tree.

We have also shown how we can use known worst-case bounds over query answers as estimators
for this sampling algorithm. The essential property here is the superadditivity of the estimator,
which guarantees the correctness of the sampling procedure. We established more general results
by proving that both the AGM bound for cardinality constraints and the polymatroid bound
for acyclic degree constraints are tree-superadditive, thereby yielding efficient uniform samplers.
Combined with the binarisation technique presented in Chapter 3, this allows us to match recent
results in the literature, while relying on a simpler and more modular analysis.

A second use of our factorised representations was proving new tractability results concerning
direct access for answers of signed queries. We re-established that the case of signed join queries
could not be handled in the same way as positive queries. In an effort to unify the positive and
the signed case using the factorised representation of the answer set of the query that we first
introduced in Chapter 5, we introduced a new framework in Chapter 6.

The main idea in this framework is to first annotate the relational circuits with counts of
the number of answers for each subcircuit, in a bottom-up fashion. This preprocessing phase
is followed by an access phase where we go through the circuit from top to bottom, choosing
branches as we go according to the index we are accessing and the annotations on the gates of
the circuit.

We also showed that our complexity bounds, when restricted to the positive case, match the
existing optimal ones and we have proved that our algorithm remains optimal for signed join
queries without self-joins (in terms of data complexity).

Open Research Directions & Future Work
The work presented in this thesis leaves several natural extensions open, both from a theoretical
and a practical perspective.

The approach of Chapters 5 and 6 open many new research avenues. In particular, we believe
that the circuit representation that we use is also promising for answering different kinds of
aggregation tasks and hence generalising existing results on conjunctive queries to the case of
signed conjunctive queries. For example, we believe that FAQ and AJAR queries [ANR16; JPR16]
could be solved using this data structure. Indeed, it seems possible to annotate the circuit with
semi-ring elements and then project them out in a similar fashion as Theorem 6.46. Similarly, we
believe that the framework of [ECK24] for solving direct access tasks on conjunctive queries with
aggregation operators may be generalised to the class of ordered {×, dec}-circuits.

Finally, contrary to the positive case, we do not yet know what is the complexity of solving
direct access tasks on signed join queries with self-joins. We know that self-joins can only make
things easier and have exhibited an example Chapter 6 where having a self-join between the
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positive and the negative part leads to drastic improvement in the preprocessing complexity.
However, it is still unknown whether there are other more subtle cases where self-joins help, as it
was shown for enumeration [CS23]. Actually, our algorithm to answer direct access tasks on the
circuit is completely independent from the way the circuit has been constructed, as long as it
has the necessary syntactic properties. Hence, we have hope that larger classes of queries and
databases will be tractable using this approach.

A different direction would be evaluating how our factorised representations could be leveraged
to adapt our contributions to the context of “dynamic databases”, that is, databases that evolve
with time. The Yannakakis approach has already been studied in the case of dynamic databases,
notably in [IUV17]. This opens the way to also using different representations, as we have done
in the case of static databases. While the naive approach in this case could be to rebuild the
factorised representation at each update, this would prove costly, especially in the case of large
databases or answer sets. Characterising the tractable classes of queries and databases for both
direct access or uniform sampling without rebuilding the full factorised representation is an
interesting avenue. For direct access, the independence between the access algorithm and the
compilation of the relational circuit would also prove useful. Recent work on the tractability of
enumeration of query answers under updates provides a natural point of comparison [BKS17;
Kar+25].

Another major direction to extend this work in would consist in practical implementations
of the different algorithms and the study of complementary optimisations. This would allow to
exhaustively evaluate the performance of the solutions we propose against the state of the art
algorithms currently used in database management systems.

In Chapter 3 for instance, we reduce the search on the domain values to a search on bits.
This facilitates the understanding of the algorithm and its underlying complexity. A practical
implementation may nevertheless find it more convenient to use larger domains such as bytes to
take advantage of bit-vector operations. Both the compilation algorithm from Chapter 5 and the
direct access algorithm from Chapter 6 could be implemented and have their efficiency evaluated
against the current state of the art algorithms from real-life database management systems.
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Branching and Circuits: Algorithmic Techniques for Efficient Query Evaluation
Abstract

Efficiently evaluating and accessing the answers of queries over databases is a central problem in data
management, particularly as data volumes continue to grow and queries become more complex. In the
relational database model, query evaluation is complicated by the presence of joins, which may induce
large intermediate results and lead to prohibitive computational costs. This thesis explores several aspects
of query evaluation and their respective computational complexity.
The first aspect we consider is that of worst-case optimal join algorithms. These algorithms aim to
return the answer set of a query over a database, while providing strong guarantees ensuring that the
evaluation runs in time proportional to the maximum possible output size. In this manuscript, we present
a join algorithm that can be shown to be worst-case optimal in a simple and modular way. One of
the advantages of our approach is the implicit data representation it induces. By improving on this
representation of the answers of a query, we are able to work on finer algorithmic problems.
The two main evaluation tasks we consider in this thesis are direct access and uniform sampling. For
uniform sampling, we show how the execution trace of our worst-case optimal join algorithm can be
leveraged to sample query answers according to a uniform distribution without enumerating the full
result set. For direct access, we exploit relational circuits to navigate the answer space efficiently and
retrieve answers at arbitrary positions in a fixed order, extending existing approaches to broader classes
of queries, including queries with negation.
In both cases, the aim of our algorithms is to build the answer set of queries incrementally. We also use
the structure of relational circuits to improve on the complexity of these methods.

Keywords: databases, algorithms, aggregation, compilation, join queries, conjunctive queries

Branchements et Circuits : techniques algorithmiques pour l’évaluation efficace de requêtes
Résumé

L’évaluation et l’accès efficaces aux réponses des requêtes sur les bases de données constituent un enjeu
majeur dans le cadre de la gestion des données. Cette problématique revêt une importance croissante avec
l’augmentation constante des volumes de données et la complexité croissante des requêtes plus complexes.
Dans le modèle des bases de données relationnelles, l’évaluation des requêtes s’avère complexe en raison
de la présence des jointures. Ces dernières peuvent engendrer des résultats intermédiaires de grande taille
et occasionner des frais de calcul substantiels. Dans le cadre de cette thèse, une exploration approfondie
de divers aspects inhérents à l’évaluation des requêtes et à leur complexité computationnelle respective
est entreprise.
L’analyse se concentre en premier lieu sur les algorithmes de jointure optimaux dans le pire des cas. Ces
algorithmes ont pour objectif de renvoyer l’ensemble des réponses à une requête sur une base de données,
tout en offrant des garanties solides quant au temps d’évaluation, qui doit rester proportionnel à la taille
maximale de la sortie. Dans le présent manuscrit, nous proposons une exposition d’un algorithme de
jointure simple, qui peut être démontré comme étant optimal dans le pire des cas, de manière simple et
modulaire.
Dans cette thèse, nous avons exploré deux tâches d’évaluation principales : l’accès direct et l’échantillonnage
uniforme. Dans le cadre de l’échantillonnage uniforme, nous montrons comment utiliser la trace d’exécution
de notre algorithme de jointure pour échantilloner uniformément, sans pour autant énumérer tous les
résultats. Afin d’assurer l’accès direct, nous avons exploité une structure de circuits relationnels. Cette
méthode permet une navigation efficace dans l’espace des réponses et la récupération des réponses à des
positions arbitraires pour un ordre fixé. Nous montrons également que notre méthode permet d’étendre
les résultats présents dans la littérature à des classes plus larges de requêtes, et notamment les requêtes
avec négation.
Dans les deux cas, l’objectif des algorithmes développés est de construire l’ensemble des réponses aux
requêtes de manière incrémentale. Les structures employées, à base de circuits et de branchements, nous
permettent de réduire la complexité des méthodes employées.

Mots clés : bases de données, algorithmes, agrégation, compilation, requêtes de jointure, requêtes
conjonctives
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